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Abstract
Recent results connected to nuclear collision dynamics, from low up to relativistic energies, are
reviewed. Heavy ion reactions offer the unique opportunity to probe the complex nuclear many-
body dynamics and to explore, in laboratory experiments, transient states of nuclear matter under
several conditions of density, temperature and charge asymmetry. From the theoretical point of
view, transport models are an essential tool to undertake these investigations and make a connection
betwen the nuclear effective interaction and sensitive observables of experimental interest. In
this article, we mainly focus on the description of results of transport models for a selection of
reaction mechanisms, also considering comparisons of predictions of different approaches. This
analysis can help understanding the impact of the interplay between mean-field and correlation
effects, as well as of in-medium effects, on reaction observables, which is an essential point also
for extracting information on the nuclear Equation of State. A special emphasis will be given to
the review of recent studies aimed at constraining the density behavior of the nuclear symmetry
energy. For reactions at medium (Fermi) energies, we will describe light particle and fragment
emission mechanisms, together with isospin transport effects. Collective effects characterizing
nuclear collision dynamics, such as transverse and elliptic flows, will be discussed for relativistic
heavy ion reactions, together with meson production and isotopic ratios.
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1 Introduction
Many experimental and theoretical efforts have been devoted, over the past 40 years or so, to the study
of nuclear reactions from low to relativistic energies, to probe new aspects of collision dynamics and
scrutinize relevant properties of the nuclear medium. Indeed, heavy ion collision experiments, where
transient states of nuclear matter (NM), spanning a wide spectrum of regimes, are created, provide
crucial insights into the features of the nuclear Equation of State (EOS). The latter is a rather important
object, which influences a large variety of phenomena, ranging from the structure of nuclei and their
decay modes, up to the life and the properties of massive stars. In particular, the understanding of the
properties of exotic nuclei, as well as neutron stars and supernova dynamics, entails the knowledge of
the behavior of nuclear symmetry energy.
Measurements of experimental observables linked to isoscalar collective vibrations in nuclei, collective
flows and meson production in nuclear reactions, have contributed to constrain the EOS of charge
symmetric matter for densities up to five time the saturation value [1]. More recently, the availability of
exotic beams has made it possible to explore, in laboratory conditions, new aspects of nuclear structure
and dynamics up to extreme ratios of neutron (N) to proton (Z) numbers, thus giving a strong boost
to the investigation of the EOS of asymmetric matter.
The low-density regime has an impact on reaction dynamics at Fermi energy (isotopic features in
fragmentation [2], charge equilibration [3, 4]), as well as on nuclear structure (neutron skins, pygmy
resonances [5]) and in the astrophysical context (neutron star formation and crust [6, 7, 8]). On the
other hand, relativistic heavy ion reactions (isospin flows, meson production [9, 10]) and compact star
features (neutron star mass-radius relation, cooling, hybrid structure, formation of black holes [6, 11])
are strongly influenced by the high density behavior of the symmetry energy.
In this article, we will discuss heavy ion reactions in the beam energy domain mentioned above,
ranging from few tens of MeV/nucleon (Fermi energy domain) up to several hundred MeV/nucleon
(relativistic energy regime). The overall reaction dynamics appears characterized by an initial com-
pression phase, where, depending on beam energy and reaction centrality, densities up to two-three
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times the saturation density can be reached. A significant degree of thermalization, together with “pre-
equilibrium” light particle emission, is expected, especially in central reactions. During the following
expansion phase (on characteristic time scales of the order of 10-100 fm/c), several clusters and nuclear
fragments are produced from a hot source whose excitation energy is typically comparable to the bind-
ing energy (per nucleon) of a nucleus [12, 13, 14]. One also observes the development of collective flows,
such as radial flow of the initially compressed matter and/or transverse flow of the spectator matter.
From the theoretical point of view, understanding the features and the reaction mechanisms involving
complex systems, such as nuclei, in terms of their constituent particles and the interaction among them
is a true challenge. The original quantal many-body problem, is often approached adopting the mean-
field approximation (or suitable extensions), yielding a so-called effective interaction [15, 16, 17, 18].
Hence, one can say that the collision dynamics is governed to a large extent by the details of the nuclear
effective interaction, which provides the nuclear EOS in the equilibrium limit. However, many-body
correlations, beyond the mean-field picture, are important and certainly influence the dissassembly of
the composite nuclear system and its re-aggregation in new configurations along the reaction path. In
general, it is more appropriate to state that the reaction dynamics is ruled by the delicate interplay
between mean-field effects and many-body correlations. Hence the investigation of heavy ion reactions
presents a twofold interest: to unveal new aspects of the complex nuclear dynamics and, at the same
time, to probe relevant features of the nuclear effective interaction and EOS. It is clear that the two
goals are intertwined: the extraction of robust constraints on the EOS relies on suitable descriptions of
the reaction dynamics.
Several extensions of mean-field models have to be introduced to take explicitly into account the
effects of relevant interparticle correlations. Focusing on nuclear dynamics, an intense theoretical work
on correlations and density fluctuations has started in the past years, fostered by the availability of
large amounts of experimental data on fragment formation and light cluster production in intermediate
energy heavy ion collisions [19, 20, 21, 22, 23, 24], also in connection with the possibility to observe
volume (spinodal) instabilities and liquid-gas phase transitions in nuclei. In passing, we note that low-
density clustering is of interest also in other contexts where nuclear matter at subsaturation densities
can appear, such as the conditions encountered in the crust of neutron stars and/or along supernova
explosion processes [6]. Sophisticated thermodynamical approaches have been formulated to evaluate
the EOS of clustered matter, which can be employed in astrophysical applications [25]. For instance,
the appearance of clusters is expected to influence neutrino transport, thus modifying the cooling
mechanism by neutrino emission of protoneutron stars [26, 27, 28].
A commonly employed scheme to deal with the dynamics of nuclear collisions at intermediate energy
is represented by semi-classical transport theories, such as the Nordheim approach, in which the Vlasov
equation for the one-body phase space density, f(r,p, t), is extended by the introduction of a Pauli-
blocked Boltzmann collision term [29, 30], which accounts for the average effect of the two-body residual
interaction. Thus the resulting transport equation, often called Boltzmann-Uehling-Uhlenbeck (BUU)
equation, contains two basic ingredients: the self-consistent mean-field potential and the two-body
scattering cross sections. In order to introduce fluctuations and further (many-body) correlations in
transport theories, a number of different avenues have been taken, that can be essentially reconducted
to two different classes of models (see Ref.[31] for a recent review). One is the class of molecular
dynamics (MD) models [24, 32, 33, 34, 36, 35, 37, 38] while the other kind is represented by stochastic
mean-field approaches [39, 40, 41, 23]. In the latter approaches, fluctuations of the one-particle density,
which should account for the effect of the neglected many-body correlations, are introduced by adding
to the transport equation a stochastic term, representing the fluctuating part of the collision integral
[39, 40, 41], in close analogy with the Langevin equation for a Brownian motion. This extension leads
to the Boltzmann-Langevin (BL) equation, which can be derived as the next-order correction, in the
equation describing the time evolution of f , with respect to the standard average collision integral.
Within such a description, though the system is still described solely in terms of the reduced one-body
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density f , this function may experience a stochastic time evolution in response to the random effect
of the fluctuating collision term. The effects of the fluctuations introduced are particularly important
when instabilities or bifurcations occur in the dynamics. Indeed this procedure is suitable for addressing
multifragmentation phenomena where clusters emerge from the growth of density inhomogeneities,
driven by the unstable mean-field. However, the fluctuations introduced in this way are not strong
enough to fully account for the production of light clusters, which are loosely bound by the mean-field
and would require stronger nucleon correlations.
In molecular dynamics models the many-body state is represented by a simple product wave function,
with or without antisymmetrization. The single particle wave functions are usually assumed to have
a fixed Gaussian shape. In this way, though nucleon wave functions are supposed to be independent
(mean-field approximation), the use of localised wave packets induces many-body correlations both in
mean-field propagation and hard two body scattering (collision integral), which is treated stochastically.
Hence this way to introduce many-body correlations and produce a possible trajectory branching is
essentially based on the use of localized nucleon wave packets.
These approaches (in particular, the AMD approach [24]) have shown to be quite successful in
describing the clustered structures characterising the ground state of several light nuclei [42]. Moreover,
as far as nuclear dynamics is concerned, the wave function localisation appears quite appropriate to
describe final fragmentation channels, where each single particle wave function should be localised
within a fragment. However, one should notice that the use of fixed shape localised wave packets in the
full dynamics could affect the correct description of one-body effects, such as spinodal instabilities and
zero sound propagation [34, 43]. A simplistic description of the differences between the two classes of
models would be to say that (extended) mean-field models may lack many-body correlations, whereas
molecular dynamics models are mainly classical models.
The approaches discussed so far are mostly based on non-relativistic formalisms, in which non-
nucleonic degrees of freedom are integrated out giving nucleon-nucleon potentials. Then nuclear matter
is described as a collection of quantum non-relativistic nucleons interacting through an instantaneous
effective potential. This prescription is mainly employed in the medium-energy collisional domain.
On the other hand, reactions at relativistic energies are more properly described via a fully covariant
transport approach, related to an effective field exchange model, where the relevant degrees of freedom
of the nuclear dynamics are accounted for [44, 45]. This leads to a propagation of particles (nucleons
and mesons) suitably dressed by self-energies that will influence particle emission, collective flows and
in medium nucleon-nucleon inelastic cross sections.
One of the goals of this review is to try to get a deeper insight into the interplay between mean-field
effects and many-body correlations in light particle and fragment emission mechanisms, as well as on
collective dynamics. A crucial point to be understood would be the extent of the impact of many-
body correlations on the global reaction dynamics (such as compression-expansion, development of
collective flows, thermalization, charge equilibration) and on corresponding reaction observables which
are expected to reflect specific ingredients of the nuclear effective interaction. Sizeable effects could be
expected on the basis of the different energetics and of the reduction of the degrees of freedom induced
by the formation of clusters and fragments.
For reactions at relativistic energies, an important aspect to be discussed will be the impact of
(isospin-dependent) in-medium effects, such as the modification of particle self-energies, on nucleon and
meson emission.
We will review a selection of recent results on dissipative collisions in a wide range of beam energies,
from reactions at Fermi energies up to the AGeV range. Several observables, which are sensitive in
particular to the isovector sector of the nuclear effective interaction and corresponding EOS terms
(asyEOS) have been suggested [46, 47, 48, 8]. Fermi energies bring information on the EOS features
(and symmetry energy term) around or below normal density, whereas intermediate energies probe
higher density regions. We mainly focus on the description of results of transport models, trying to
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compare predictions of different models and to probe the impact of the interplay between mean-field
and correlation effects, as well as of in-medium effects, on reaction observables. This discussion will be
framed also in the context of the present theoretical and experimental efforts aimed at constraining the
density behavior of the symmetry energy.
The article is organized as it follows: A brief description of the transport models commonly employed
in the treatment of collision dynamics at medium and relativistic energies is given in Section 2. Section
3 is devoted to the description of effective interactions used in transport models. A survey of results
relative to the Fermi energy domain for central and semi-peripheral collisions is given in Sections 4 and
5, respectively. Section 6 is devoted to results of collision dynamics at relativistic energies. Finally
conclusions and perspectives are drawn in Section 7.
2 Theoretical description of collision dynamics
Heavy ion collisions are rather intricate processes whose understanding would imply to solve the complex
many-body problem. In principle, this task should be tackled by solving the many-body Shro¨dinger
equation, to obtain the many-body state |Ψ(t)〉 at a time t. However, this is presently anaffordable in
the general case; an important simplification derives from the fact that, for several practical purposes, it
is enough to know, with sufficient accuracy, the corresponding solution for the system one-body density,
thus reducing the problem to single-particle dynamics.
The one-body density operator ρˆ for a system containing A particles is defined as
ρˆ = A Tr
2,3,...,A
|Ψ〉〈Ψ| (1)
(The state |Ψ〉 is assumed to be normalized). From the knowledge of the one-body density operator
ρˆ(t), it becomes possible to evaluate the expectation value of any one-body observable, thus allowing
one to make predictions also for observables of experimental interest, in view of a comparison to data.
In presence of only two-body interactions
∑
i<j vij, one can deduce, for the time derivative of the
one-body density d
dt
ρˆ, the following equation:
ih¯
∂
∂t
ρˆ = [
1
2m
p2, ρˆ] + Tr
2
[v, ρˆ(2)], (2)
where m is the particle mass and the two-body density operator ρˆ(2), defined as
ρˆ(2) = A(A− 1) Tr
3,...,A
|Ψ〉〈Ψ|, (3)
has been introduced. The equation above shows that the knowledge of the two-body density operator
is required to solve the exact time evolution of the one-body density. In turn, deriving the equation
for the time evolution of the two-body density, one would see that it contains the three-body density
operator, and so on. This actually corresponds to the Martin-Schwinger hierarchy set of equations (see
e.g. Ref. [49]). In order to get a closed equation for the time evolution of ρˆ(t), it is necessary to resort
to some kind of approximation, i.e. to truncate the hierarchy at a given level.
The simplest approximation corresponds to the independent particle picture, according to which the
two-body density operator can be written as an anti-symmetrized product of one-body densities:
ρˆ
(2)
12 = Aˆ12ρˆ1ρˆ2, (4)
where Aˆ12 is the antisymmetrization operator acting on a two-body state.
Then Eq. (2) can be reformulated as:
ih¯
∂
∂t
ρˆ =
[ 1
2m
p2 + U [ρˆ], ρˆ
]
≡
[
H0[ρˆ], ρˆ
]
, (5)
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where the mean-field potential U [ρˆ] has been introduced, that is defined as
U1[ρˆ] = Tr
2
Aˆ12v12ρˆ2. (6)
A particular case, within the independent particle picture, would be to consider a Slater determinant
for the many-body state |Ψ〉. This approximation corresponds the the time-dependent Hartree Fock
(TDHF) approach. In practical applications, effective interactions are used for the mean-field potential,
to account for the neglected correlations beyond the mean-field picture.
Extensions towards the inclusion of two-body correlations can be developed by including a correlated
part in the two-body density operator, i.e.
ρˆ
(2)
12 = Aˆ12ρˆ1ρˆ2 + σˆ12, (7)
where the quantity σˆ12 encloses the explicit two-body correlation effects. Accordingly, the system
Hamiltonian can be written as the sum of the term treated and the one-body level (H0) and a residual
two-body interactions: H = H0+ν12. Then neglecting three-body correlations and retaining only terms
up to leading order in the residual interaction and/or the explicit two-body correlations, Eq.(5) will be
extended as it follows:
ih¯
∂
∂t
ρˆ =
[
H0[ρˆ], ρˆ
]
+K
[
ρˆ, ν12
]
+ δK
[
ν12, σˆ12
]
(8)
The second term of the (r.h.s.) of Eq.(8) represents the average effect of the residual interaction, i.e. of
the interaction which is not accounted for by the mean-field description, whereas the third term contains
the explicit correlations σˆ12. In other words, the K term accounts for explicit two-body interactions,
whereas the fluctuating term δK may even account for higher order correlations.
Fluctuations with respect to the mean-field trajectory might originate from the initial conditions,
as well as from the dynamical evolution. We will come back to this point in deeper detail later,
when we will discuss the semi-classical approximation. It may be noted that the equation above is
similar to Stochastic TDHF (STDHF) [50], and it transforms into the extended TDHF (ETDHF)
theory [51, 52, 53] if the fluctuating term δK is suppressed; ETDHF can in fact efficiently describe the
behavior of some observables related to dissipative processes, but it can not follow possible bifurcation
paths deviating from the mean trajectory.
New stochastic extensions have been recently proposed for time-dependent quantum approaches
[54, 55]. A possibility is to inject quantum and/or thermal fluctuations just in the initial conditions
of TDHF calculations, leading to a spread of dynamical trajectories and corresponding variances of
physical observables. Interesting results have been obtained for the description of the spontaneous
fission of superheavy systems [56].
2.1 Semi-classical approximation and BUU models
For the description of heavy ion reaction dynamics in the Fermi and intermediate energy regimes,
Eq.(8) is often solved in the semi-classical approximation. Within such a scheme, the goal is to derive
an equation for the time evolution of the one-body distribution function in phase space, f(r,p, t),
which is nothing but the semi-classical analog of the Wigner transform of the one body density matrix.
The Boltzmann-Uehling-Uhlenbeck (BUU) theory can be considered as the semi-classical analog of
Eq.(8), where the δK term is neglected. The BUU equation can also be directly derived from the
Born-Bogoliubov-Green-Kirkwood-Yvon (BBGKY) hierarchy or, within the real-time Green’s-function
formalism, from the Kadanoff-Baym equations [57, 58, 59].
Considering, for the sake of simplicity, a mean-field potential depending only on the local density
ρ(r), in non-relativistic kinematics, the BUU equation reads:
∂f(r,p, t)
∂t
+
p
m
· ∂f
∂r
− ∂U [ρ]
∂r
· ∂f
∂p
= I¯coll[f ] (9)
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where the collision term I¯coll has been introduced, which represents the semi-classical analog of the K
term on the r.h.s. of Eq.(8). The latter is written as:
I¯coll[f ](r,p) = g
∫ dp1
(2πh¯)3
dΩ vrel
dσ
dΩ
[f ′f ′1(1− f)(1− f1)− ff1(1− f ′)(1− f ′1)], (10)
where g is the degeneracy factor and the coordinates of isospin are not shown for brevity.
The distribution function entering the above integral is evaluated at the coordinate r and at four
locations in momentum space, with the final momenta p′ and p′
1
connected to the momenta p and p1 by
the scattering angle Ω and the energy and momentum conservation. Thus, within a classical picture, the
effect of the two-body residual interaction is interpreted in terms of hard two-body scattering between
nucleons. In Eq.(10), the quantity vrel denotes the relative velocity between the two initial phase-space
portions and dσ/dΩ represents the differential nucleon-nucleon (n-n) cross section, accounting for the
residual interaction. In simulations of heavy ion collisions at intermediate energy, a density dependent
screened value of the n-n cross section, accounting for in-medium effects, is often adopted (see, for
instance, Refs.[60, 61]). The fermionic nature of the system is preserved by the Pauli-blocking factors
(the terms like (1− f) ).
Transport equations are usually solved numerically, adopting the test particle method [62], i.e. the
system is sampled by Ntest test-particle per nucleon.
2.2 Semi-classical stochastic models
As anticipated above, if a suited stochastic approach is adopted, simplified higher-order contributions
to the dynamics are taken into account even though not explicitly implemented. Already within a first-
order-truncation scheme, it was found that a stochastic approach, including fluctuations only in the
initial conditions, can be used to restore all the BBGKY missing orders approximately [54], and gen-
erate large-amplitude fluctuations; in this case, a coherent ensemble of mean-field states is propagated
along different trajectories from an initial stochastic distribution. Such scheme, which appears appro-
priate in low-energy framework, is however insufficient to address highly dissipative regimes. We will
discuss in the following some approaches which attempt to solve Eq.(8), but within the semi-classical
approximation. Thus we introduce the so-called Boltzman-Langevin equation (BLE) [40, 23]:
df
dt
=
∂f
∂t
+ {f,H} = I¯coll[f ] + δI[f ]. (11)
Initial quantum fluctuations are neglected in this case and the stochastic treatment, mainly associ-
ated with hard two-body scattering, acts intermittently all along the temporal evolution, producing
successive splits of a given mean-field trajectory into subensembles, as illustrated in Fig.(1). Within
this framework, the system is still described in terms of the one-body distribution function f , but
this function may experience a stochastic evolution in response to the action of the fluctuating term.
When instabilities are encountered along the reaction path, the evolution of the fluctuation ”seeds”
introduced by the BL approach is then driven by the dissipative dynamics of the BUU evolution, allow-
ing the system to choose its trajectory through possible bifurcations leading to different fragmentation
paths. In this way a series of ”events” are created in a heavy-ion collision, which can then be analyzed
and sampled in various ways.
Assuming that fluctuations are of statistical nature, the term δI is simply interpreted as the fluctu-
ating part of the collision integral, with a vanishing mean value and a variance which equals the average
collision integral.
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Figure 1: Illustration of the effect of fluctuations on a dynamical trajectory. In stable conditions a
moderate spread of trajectories, around the average (associated with the average collision term I¯coll[f ])
is observed (left panel). The right panel shows that in presence of instabilities the fluctuating BL term
leads to bifurcation of trajectories. Taken from [63].
2.3 Fluctuations in full phase space and the BLOB model
The latter procedure can be implemented by replacing the residual terms (I¯coll+δI) by a similar Uehling
Uhlenbeck (UU) - like term, involving nucleon packets, which respects the Fermi statistics both for the
occupancy mean value and for the occupancy variance.
Thus one may consider a rescaled UU collision term where a single binary collision involves extended
phase-space portions of nucleon distribution of the same type (neutrons or protons), A, B, to simulate
nucleon wave packets, and Pauli-blocking factors act on the corresponding final states C, D, also treated
as extended phase-space portions. The choice of defining each phase-space portion A, B, C and D so
that the isospin number is either 1 or −1 is necessary to preserve the Fermi statistics for both neutrons
and protons, and it imposes that blocking factors are defined accordingly in phase-space cells for the
given isospin species. The above prescriptions lead to the Boltzmann Langevin One Body (BLOB)
equations [64]:
∂f
∂t
+ {f,H} = I¯coll + δI =
= g
∫
dpb
h3
∫
W (AB ↔ CD) F (AB → CD) dΩ . (12)
In the above equation, W is the transition rate, in terms of relative velocity between the two colliding
phase-space portions and differential nucleon-nucleon cross section:
W (AB ↔ CD) = |vA−vB| dσ
dΩ
. (13)
The term F contains the products of occupancies and vacancies of initial and final states over their full
phase-space extensions:
F (AB → CD) =
[
(1−fA)(1−fB)fCfD − fAfB(1−fC)(1−fD)
]
. (14)
In practice, if the test-particle method is employed, the phase-space portions A, B, C and D should
be agglomerates of Ntest test-particles each, and the nucleon-nucleon cross section used in Eq. (13)
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Figure 2: Example of one collision event in BLOB. Two nucleons are represented by two agglomerates
of test particles A and B (black points) which share the same volume in coordinate space R. In the
momentum space P the collision process induces a rotation, according to a given set of scattering angles
(θ, φ), to the destination sites A’ and B’, where the test particles are distributed according to Pauli-
blocking and energy conservation constraints. The latter are enforced by modulating the shape and the
size of the nucleon packet (see the bottom part of the figure). Taken from [67].
should be scaled by the same amount Ntest, considering that each nucleon packet is associated with
Ntest possible samplings.
By this procedure, it can be shown that for a free Fermi gas, the occupancy variance at equilibrium
equals f¯(1−f¯ ) in a phase-space cell h3, resulting from the movement of extended portions of phase space
which have the size of a nucleon. Thus the residual term carries nucleon-nucleon correlations which fulfill
the analytical predictions of an equilibrated fermionic system [65]. Hence, the BLOB approach exploits
the stochastic term of Eq. (12), recovering correlation orders higher than the second order truncation
(which would correspond to the average collision integral), and inducing the BL fluctuation-bifurcation
scheme. The method is schematically illustrated in Fig.2.
A new framework to treat the dissipation and fluctuation dynamics associated with n-n scattering in
heavy-ion collisions has been recently introduced in [66]. Two-body collisions are effectively described
in terms of the diffusion of nucleons in the viscous nuclear medium, according to a set of Langevin
equations in momentum space. The new framework, combined with the usual mean-field dynamics, has
been shown to be suited to simulate heavy-ion collisions at intermediate energies. Applications of the
method, as well as the comparison with other transport models, are presently in progress.
2.4 Fluctuation projection and simplified stochastic approaches
Several approximate treatments of the BL approach have been introduced and are still employed to
deal with the description of collision dynamics. For instance, at variance with the above description,
the stochastic term in the r.h.s. of Eq.(11) can be kept separate and treated as a stochastic force
related to an external potential U ′ [68]. More generally, approximated stochastic mean-field approaches
build fluctuations from suitable projections [69, 70] or introducing a well adapted external force or a
distribution of initial conditions which should be accurately prepared in advance [23]. On the contrary,
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Eq. (12) introduces fluctuations in full phase space and let them develop spontaneously and continuously
over time in a dynamical process.
In the Stochastic Mean Field (SMF) treatment [70] the fluctuations of the distribution function
generated by the stochastic collision integral are projected on the coordinate space. Thus only local
density fluctuations, which could be implemented as such in numerical calculations, are considered.
The further assumption of local thermal equilibrium is made, with the possibility to derive analytical
expressions for the density fluctuations. This implies that fluctuations can be implemented only when,
after the first collision instants, the phase space occupancy is locally thermalized. In principle, thermal
fluctuations could be introduced directly in the phase space, i.e. implementing σ2f = f¯(1− f¯) locally in
the phase space. However, this is a difficult numerical tack because of the high dimension of the phase
space. In the standard application of the SMF method therefore one considers density fluctuations in
a volume V :
σ2ρ(r, t) =
1
V
∫ dp
h3/4
σ2f(r,p, t). (15)
This variance could be directly calculated from the value of the average one-body distribution
function provided by the BUU simulation, and fluctuations be introduced accordingly. However it is
more practical to have explicit analytical expressions for the density fluctuations. Within the assumption
of local thermal equilibrium, the mean distribution function can be parametrized by the expression
f(r,p, t) = 1/(1 + exp(e− µ(r, t))/T (r, t)) with a local chemical potential and temperature µ(r, t) and
T (r, t), respectively, and with e = p2/2m. Introducing the expression for the fluctuation variance into
Eq.(15) one obtains, after some algebra:
σ2ρ =
1
V
2πm
√
(2m) T
h3/4
∫ 1√
e
1
1 + exp(e− µ)/T de (16)
We note that Eq.(16) is consistent with the thermodynamical relation for the variance of the particle
number in a given volume. To obtain a more explicit expression, and to eliminate the chemical potential
we can use the Sommerfeld expansion, for the function f around e = µ for small T/ǫF ratio, being ǫF
the Fermi energy at the considered density. We then obtain
σ2ρ =
16πm
√
(2m)
h3V
√
ǫFT [1− π
2
12
(
T
ǫF
)2 + ...]. (17)
The procedure can be considered and implemented separately for neutrons and protons.
2.5 QMD models
Molecular dynamics (QMD) approaches are widely employed to describe the nuclear reaction dynamics
(several examples can be found in Refs.[32, 37, 38]). Within such a family of models, the nuclear
many-body state is written as a product of single particle states, usually represented by Gaussian wave
packets. Two-body collisions between nucleon packets are treated stochastically, by choosing randomly
the scattering angle associated with the n-n scattering process. Moreover, the localization of the wave
packets induces some additional correlations also in the mean-field propagation. Then these approaches
are very well suited to enable the formation of clusters and fragments.
In QMD, the one-body distribution function is obtained as a sum of Gaussian wave packets:
fQMD(r,p, t) =
A∑
k=1
(2ν
π
)3/2
e−2ν(r−Rk(t))
2
(2πh¯)3δ(p−Pk(t)), (18)
where ν, or ∆x = (4ν)−1/2, is a fixed parameter representing the width of the wave packet of each
nucleon. The centroids of the wave packets (Rk and Pk) are propagated according to classical equations
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of motion (Hamilton equations), with the Hamiltonian evaluated starting from the effective interaction
considered and the nucleon distribution given by Eq.(18).
As far as the collision integral is concerned, similarly to the approached introduced before, the in-
medium n-n cross sections dσ/dΩ is employed to evaluate the probability for a nucleon-nucleon collision
to occur. More specifically, a pair of nucleons represented by (Ri,Pi) and (Rj,Pj) will collide when
the radial distance among them becomes minimum during the considered time step interval ∆t and this
closest distance is less than
√
σ/π, in analogy with the geometrical prescription by Bertsch and Das
Gupta [29]. This implies that nucleons collide at a given finite relative distance, whereas in the BUU
equation, distribution functions are evaluated at the same point r in configuration space, i.e. collisions
are local in space.
The main general drawback of QMD approaches is that the one-body distribution fQMD of Eq.(18)
does not preserve the Pauli principle along the dynamical evolution, though it can be enforced in the
initial conditions. As a consequence, the system can be pushed towards a classical type of behavior.
Some methods have been proposed to cure this problem [37].
From the above discussion, we expect mean-field (BUU-like and stochastic) theories to better de-
scribe genuine mean-field effects, owing to the better mapping of the one-body distribution function
in phase space. On the other hand, the effect of correlations is emphasized in QMD-like models, but
the fermionic nature of the nuclear systems under study could be quickly lost along the dynamical
evolution.
2.6 Antisymmetrized Molecular Dynamics
In the antisymmetrized molecular dynamics (AMD) approach, a system of A-nucleon is represented by
a Slater determinant of Gaussian wave packets,
|ΦAMD(Z)〉 = Aˆ
A∏
K=1
ϕK (19)
where Aˆ is the full antisymmetrization operator. Each single-particle state ϕk is a product of a Gaussian
function and a spin-isospin state
〈r|ϕk〉 = exp
[
−ν
(
r− Zk√
ν
)2]⊗ χαk . (20)
The spin and isospin of each nucleon are kept fixed, αk = p ↑, p ↓, n ↑ or n ↓. The width parameter ν of
the Gaussian function is chosen to be ν = 1/(2.5 fm)2 in almost all applications. It should be noticed
that the single-particle states ϕk are not orthogonal to each other, however, as long as they are linearly
independent, the Slater determinant (19) is a proper fermionic many-body state. The latter results
parametrized in terms of the Gaussian centroids Z = {Z1,Z2, . . . ,ZA}, which are complex vectors. The
time-dependent variational principle allows to determine the following equations of motion:
d
dt
Zk = {Zk,H}PB, (21)
with the Poisson bracket (PB) suitably defined for the non-canonical variables Z [71, 72, 73]. The
above equation accounts for the wave packet propagation in the mean field. The Hamiltonian H is
the expectation value of the Hamiltonian operator H and a suitable technique is adopted to subtract
the spurious zero-point kinetic energies of fragment center-of-mass motions [35, 74]. Similarly to the
transport approaches discussed above, an effective interaction is employed in AMD, such as the Gogny
force or the Skyrme force.
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A stochastic collision integral, describing hard two-body scattering between nucleon packets and
preserving the antisymmetrization is explicitely included in the description.
As in QMD models, in AMD the width parameter ν is always kept fixed. On the other hand, in
the fermionic molecular dynamics (FMD) model proposed by Feldmeier [33], the width parameters νk
of the individual wave packets are treated as time-dependent. This generalization allows one to get the
exact quantum-mechanical solution for free particle propagation and for the spreading of single-particle
states. However, the fixed width choice looks more suitable to describe fragmentation events, thanks
to the localization of the nucleon wave packet [34], as shown already by the very first applications of
the AMD approach to the simulation of heavy ion collisions [35, 36]. However, further extensions of
AMD also include the possibility to consider deformation of the wave packects, which actually can be
represented as a superposition of many Gaussian wave functions, see Ref. [42] for a review.
A recent upgrade of the AMD model considers the possibility to include explicit light cluster pro-
duction, as an extension of the nucleon correlations induced by the collision integral [75, 76]. The
implementation of light clusters, up to mass A=3, was actually introduced first in the context of a BUU
approach, leading to the pBUU model [77, 78].
2.7 Relativistic transport approaches
Within a fully relativistic picture, equilibrium and dynamical properties of nuclear systems at the
hadronic level are well described by the the Quantum Hadro Dynamics (QHD) effective field model
[79, 80, 44].
Such a framework provides consistent results for the nuclear structure of finite nuclei [81, 82, 45], for
the NM Equation of State and liquid-gas phase transitions [83]. and for collective excitations [84, 85]
and nuclear collision dynamics [86, 87].
2.7.1 QHD effective field theory
In QHD theory, the main dynamical degrees of freedom of the system are included by considering the
nucleons coupled to the isoscalar scalar σ and vector ω mesons and to the isovector scalar δ and vector
ρ mesons.
Hence the Lagrangian density for this approach, including non–linear isoscalar/scalar σ-terms [89],
is given by:
L = ψ¯[γµ(i∂
µ − gωV µ − gρBµ · ~τ )− (M − gσφ− gδ~τ · ~δ )]ψ +
1
2
(∂µφ∂
µφ−m2sφ2)−
a
3
φ3 − b
4
φ4 − 1
4
WµνW
µν +
1
2
m2ωVνV
ν +
1
2
(∂µ~δ · ∂µ~δ −m2δ~δ2)−
1
4
GµνG
µν +
1
2
m2ρBνB
ν (22)
where W µν(x) = ∂µV ν(x)− ∂νV µ(x) and Gµν(x) = ∂µBν(x)− ∂νBµ(x) .
Here ψ(x) is the nucleon fermionic field, φ(x) and V ν(x) represent neutral scalar and vector boson
fields, respectively, whereas ~δ(x) and Bν(x) are the charged scalar and vector fields and ~τ denotes the
isospin matrices. The coefficients of the type mi and gi indicate masses and coupling constant of the
different meson channels and M denotes the nucleon mass.
From the Lagrangian, Eq.(22), a set of coupled equations of motion for the meson and nucleon fields
can be derived. The basic approximation in nuclear matter applications consists in neglecting all the
terms containing derivatives of the meson fields with respect to the their mass contributions. Then the
meson fields are simply connected to the operators of the nucleon scalar and current densities by the
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following equations:
Φ̂/fσ + AΦ̂
2 +BΦ̂3 = ψ¯(x)ψ(x) ≡ ρ̂S (23)
V̂ µ(x) ≡ gωV µ = fωψ¯(x)γµψ(x) ≡ fω ĵµ ,
B̂µ(x) ≡ gρBµ = fρψ¯(x)γµ~τψ(x) ,
~̂δ(x) ≡ gδ~δ = fδψ¯(x)~τψ(x) (24)
where Φ̂ = gσφ, fσ = (gσ/mσ)
2, A = a/g3σ, B = b/g
4
σ, fω = (gω/mω)
2, fρ = (gρ/mρ)
2, fδ = (gδ/mδ)
2.
Exploiting Eqs.(23,24) for the meson field operators, it is possible to derive a Dirac-like equation for
the nucleon fields which contains only nucleon field operators. This equation can be consistently solved
within a Mean Field Approximation (Relativistic Mean Field, RMF), i.e. in a self-consistent Hartree
scheme [80, 44].
Some attempts were performed to go beyond this scheme. In particular, it is interesting to notice
that the inclusion of Fock terms automatically leads to contributions to the various meson exchange
channels, also in absence of explicit direct coupling terms. A thorough study of these effects was
performed in [88], for asymmetric nuclear matter.
2.7.2 Relativistic semi-classical transport equations
Within the previous assumptions, we move to discuss a kinetic approach which adopts the semi-classical
approximation. This allows one to establish a formal connection to the transport models described
above.
In the RMF model, the nuclear system is essentially described at the one-body level, with some
correlation effects included, in an effective manner, through (density dependent) coupling constants.
To derive the kinetic equations for the one-body nucleon density matrix, it is useful to introduce, in
quantum phase-space, the Wigner function for the fermion field [90, 91]. The latter is defined as:
[F̂ (x, p)]αβ =
1
(2π)4
∫
d4R e−ip·R〈: ψ¯β(x+ R
2
)ψα(x− R
2
) :〉 ,
where α and β are double indices for spin and isospin. The brackets denote statistical averaging and the
colons indicate normal ordering. The equation of motion can be derived from the Dirac field equation
by using standard procedures (see e.g.[90, 91]).
Within the Hartree-Fock scheme and in the semi-classical approximation, one obtains the following
kinetic equations [92, 88]:
i
2
∂µγ
µFˆ (i)(x, p) + γµp∗µiFˆ
(i)(x, p)−M∗i Fˆ (i)(x, p) +
i
2
∆
[
f˜ωjµ(x)γ
µ ± f˜ρj3µ(x)γµ − f˜σρS(x)∓ f˜δρS3(x)
]
Fˆ (i)(x, p) = 0, (25)
where the Wigner function has been decomposed into neutron and proton components (i = n, p) and
the upper (lower) sign corresponds to protons (neutrons). In the avove equation ∆ = ∂x · ∂p, with ∂x
acting only on the first term of the products, and ρS3 = ρSp − ρSn and j3µ(x) = jpµ(x) − jnµ(x) are the
isovector scalar density and baryon current, respectively. The kinetic momenta and effective masses are
defined as:
p∗µi = pµ − f˜ωjµ(x)± f˜ρj3µ(x) ,
M∗i =M − f˜σρS(x)± f˜δρS3(x) , (26)
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where the effective coupling functions f˜i(i = σ, ω, ρ, δ) have been introduced. The latter are generally
space, i.e. density, dependent. Within the Hartree-Fock approximation, the effective coupling constants
incorporate the Fock term contributions, and get finite values in all channels, even in absence of direct
contributions. It is easy to realize that the common RMF approximation (Hartree level) is recovered
from the Hartree-Fock results by changing the effective coupling functions f˜i to the the explicit coupling
constants fi.
The explicit effect of two-body correlations can be included also within the relativistic covariant
framework. Eq.(25) can be complemented by a two-body collision integral, to explicitely take into
account effects beyond the mean-field picture (RBUU models) [59].
3 Effective interactions and symmetry energy
In the following we will review results obtained with both classes of models discussed in Section 2. A
common ingredient is certainly the nuclear effective interaction, from which the nuclear EOS can be
derived in the equilibrium limit. The comparison of suitable reaction observables, evaluated in simulated
transport model events, to experimental data would allow one to extract information on relevant nuclear
matter features.
For illustrative purposes, let us consider, as a standard effective interaction, a Skyrme interaction,
with the energy density E expressed in terms of the isoscalar, ρ = ρn + ρp, and isovector, ρ3 = ρn − ρp,
densities and kinetic energy densities (τ = τn + τp, τ3 = τn − τp) as [93]:
E = h¯
2
2m
τ + C0ρ
2 +D0ρ
2
3 + C3ρ
α+2 +D3ρ
αρ23 + Ceffρτ
+Deffρ3τ3 + Csurf(▽ρ)2 +Dsurf(▽ρ3)2. (27)
The coefficients C.., D.. are combinations of the traditional Skyrme parameters [94]. The nuclear mean-
field potential Uq (q = n,p), which enters the transport equations, is consistently derived from the
energy functional E .
The isoscalar section of the energy functional is usually fixed requiring that the saturation prop-
erties of symmetric nuclear matter, with a compressibility modulus around K ≈ 200 − 250MeV , are
reproduced.
Many discussions will concentrate on the nuclear symmetry energy Esym, that we define starting
from the expression of the energy per nucleon: E(ρ, ρ3)/A ≡ E(ρ)/A+ Esym(ρ)A (ρ3/ρ)2 +O(ρ3/ρ)4 + ...
Esym/A gets a kinetic contribution directly from basic Pauli correlations and a potential part, Cpot(ρ),
from the highly controversial isospin dependence of the effective interactions. At zero temperature:
Esym
A
=
Esym
A
(kin) +
Esym
A
(pot) ≡ Csym(ρ) = ǫF
3
+ Cpot(ρ) (28)
The coefficient Csym(ρ) can be written as a function of the Skyrme coefficients:
Csym(ρ) =
εF
3
+D0ρ+D3ρ
α+1 +
2m
h¯2
(
Ceff
3
+Deff
)
εFρ, (29)
with εF denoting the Fermi energy at density ρ and m the nucleon mass. It is often convenient to
expand the symmetry energy Csym(ρ) around its value at the saturation density ρ0:
Csym(ρ) = S0 +
L
3
(
ρ− ρ0
ρ0
)
+
Ksym
18
(
ρ− ρ0
ρ0
)2
, (30)
where S0 (ofted denoted also as J) indicates the symmetry energy value at normal density, whereas L
and ksym are related to first and second derivative, respectively.
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As an example, we illustrate here some results associated with the recently introduced SAMi-J
Skyrme effective interactions [96], which provide a variety of trends for the nuclear symmetry energy.
The corresponding parameters are determined from a fitting protocol which accounts for the following
properties: binding energies and charge radii of some doubly magic nuclei - which allow the SAMi-
J family to predict a reasonable saturation density (ρ0 = 0.159 fm
−3), energy per nucleon E/A(ρ0) =
−15.9 MeV and incompressibility modulus (K = 245 MeV) of symmetric nuclear matter -; some selected
spin-isospin sensitive Landau-Migdal parameters [97]; the neutron matter EOS of Ref.[98].
Let us consider three SAMi-J parametrizations: SAMi-J27, SAMi-J31 and SAMi-J35 [96]. Since,
as mentioned above, Skyrme interactions are usually fitted in order to reproduce the main features of
selected nuclei, the symmetry energy coefficient takes, for the three parametrizations, the same value,
Csym(ρc) ≈ 22 MeV, at the density ρc ≈ 0.6ρ0, which can be considered as the average density of
medium-size nuclei. Then the value, J, of the symmetry energy at saturation density is different in
the three cases, being equal to 27 MeV (SAMi-J27), 31 MeV (SAMi-J31) and 35 MeV (SAMi-J35),
respectively. The values of the slope parameter L = 3 ρ0
dCsym(ρ)
dρ
∣∣∣∣∣
ρ=ρ0
are equal to L = 29.9 MeV
(SAMi-J27), L = 74.5 MeV (SAMi-J31) and L = 115.2 MeV (SAMi-J35). The corresponding density
dependence of Csym(ρ) is shown in Fig.3(a). It would be interesting to explore the effects of these
interactions, which provide a nice reproduction of nuclear ground state and structure properties, also
in transport simulations [99, 100, 101].
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Figure 3: (Color online) (a) Three effec-
tive parameterizations of the symmetry
energy, as given by the Skyrme SAMi-J
family [96]. (b) Parametrizations corre-
sponding to momentum independent in-
teractions: asystiff (dotted line), asysoft
(full line) and asysuperstiff (dashed line)
[46].
For a comparison, Fig.3(b) illustrates three different parameterizations of Csym(ρ) corresponding
to momentum independent Skyrme interactions widely employed in the literature: the asysoft, the
asystiff and asysuperstiff respectively, see [46] for a detailed description. The latter interactions are
mainly fitted on nuclear matter properties, thus the symmetry energy curves crosses at normal density
(ρ = ρ0). The sensitivity of the simulation results can be tested against these different choices. We
also mention that some transport models employ the following parametrization for the potential part
of the symmetry energy: Cpot(ρ) ≈ 17.5(ρ/ρ0)γi. In this case, the stiffness of the symmetry energy is
obviously determined by the exponent γi.
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Figure 4: (Color online) (a) Density dependence of symmetry energy, (b) energy dependence of the
Lane potential at ρ = 0.5ρ0 and (c) ρ = ρ0, for the Skyrme parametrizations SLy4 (solid line), SkI2
(dot line), SkM* (dash line) and Gs (dot dash line). Taken from [102].
It should be noted that the Skyrme mean-field potential exhibits a quadratic momentum dependence,
which can be considered as a good approximation in low momentum regions [95]. In asymmetric NM,
the momentum dependence of the neutron/proton mean-field potentials leads to the splitting of neutron
and proton effective masses.
According to the strength of the momentum dependent terms, the SAMi-J interactions lead to an
effective isoscalar nucleon mass m∗(I = ρ3/ρ = 0) = 0.67 m and a neutron-proton effective mass
splitting m∗n −m∗p = 0.023 mI MeV at saturation density. This small splitting effect is associated with
a quite flat momentum dependence of the symmetry potential. We note that a steeper decrease at high
momenta is suggested from the optical model analysis of nucleon-nucleus scattering data performed in
[95]. This feature should not impact nuclear structure properties and low energy reactions, where one
mainly explores the low-momentum region of the symmetry potential (i.e., the region below and around
the Fermi momentum).
A recent illustration of several possible combinations of symmetry energy and effective mass splitting
trends is found in Ref.[102], still in the context of Skyrme interactions. Fig.4 represents four Skyrme
parametrizations which lead to a soft or a stiff behavior of the symmetry energy. The right panel of the
figure shows the energy dependence of the Lane potential Usym, which is related to the difference between
neutron and proton mean-field potentials, at two fixed density values. One can see that the parameters
of the Skyme interactions can be tuned in such a way that, for a given symmetry energy trend, on can
obtain a decreasing (increasing) trend, with the energy, of the Lane potential, corresponding to proton
effective mass smaller (greater) than neutron effective mass.
New perspectives towards a more general formulation of the density and isospin dependence of
the nuclear EOS are provided by metamodeling [103]. This is a flexible approach that can interpolate
continuously between existing EOS and allow a more global analysis of the relation between experimental
constraints and EOS features. It would be interesting to follow the same philosophy for the effective
interactions employed in transport models.
The discussion about symmetry energy and effective masses is quite relevant also within a relativistic
framework. Effective interactions which are commonly employed in the relativistic frame are the so-
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Figure 5: Left panel: Charge distributions of fragments produced in central collisions of Xe + Sn at
four incident energies: 32, 39, 45, and 50 A MeV. Rigt panel: Average center of mass kinetic energy
of the fragments produced in the same reactions, as a function of their atomic number. The statistical
error bars are shown. Adapted from [12], with kind permission of the APS.
called NLρ (where the isovector-scalar δ coupling is set to zero) and NLρδ interactions, see Ref.[46] for
more details. Actually one observes that the two effective couplings, vector and scalar, in the isovector
channel influence in a different way the static (symmetry energy) and dynamic (collective response,
reaction observables) properties of asymmetric nuclear matter. Hence reaction dynamics studies can be
useful also to solve the open problem of the determination of the (scalar- and vector-) isovector coupling,
in connection to symmetry energy and effective mass splitting. In particular, the contributions to the
scalar-isovector channel are mainly coming from correlation effects [88], thus it would be desirable to
employ, within the QHD-RMF framework, effective coupling constants derived from microscopic Dirac-
Brueckner-Hartree-Fock (DBHF) calculations. Several attempts have been performed, see [104, 105] for
instance, but the results still exhibit some degree of model dependence.
4 Reaction dynamics at medium energy: central collisions
In the Fermi energy regime (30-60 AMeV ), different reaction mechanisms are explored, according to
the reaction centrality, in heavy ion collisions, ranging from (incomplete) fusion and deep-inelastic
binary processes, up to fragmentation of the projectile-target overlap region (the neck region) and
multifragment production. In very central collisions, the degree of stopping is such as to lead to the
formation of a unique composite source [106, 107, 108, 73] with a temperature in the range of T≈ 3-5
MeV, which eventually breaks up into many pieces, as a result of thermal effects and of the compression-
expansion dynamics. Indeed, as a quite interesting feature, this process is also accompanied by the
development of a radial flow, which characterizes the kinematical properties of the reaction products
[12, 109]. These features are summarized in Fig.5, which represents the evolution of fragment charge
distribution and kinetic energies, as measured for the system 129Xe + natSn at different beam energies.
From the left panel one can appreciate how the fragmentation process evolves with the energy transferred
to the system, with smallest fragments produced at the highest beam energy. The right panel of the
figure shows clearly that, excluding from the analysis the heaviest fragments, the mean kinetic energy
per nucleon exhibits an almost linear increase with the fragment charge. This trend can be interpreted
as an evidence of the presence of a radial collective flow, leading to similar radial velocities for all
fragments (and thus to a kinetic energy scaling with the fragment mass).
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From the experimental observations outlined above, one can already figure out that the occurrence
of surface and/or volume instabilities may play a central role in the description of the reaction path.
Simulations of the multifragmentation dynamics based on transport models have allowed, through the
comparison with experimental data, to shed light on the compression-expansion dynamics, yielding
independent information on the nuclear matter compressibility [110]. We illustrate here a selection of
simulation results related to central collisions at Fermi energies. Emphasis will be put on the features
of the fragmentation process, in connection to the treatment employed to describe the many-body
dynamics, and on aspects related to isospin transport and isotopic features of the reaction products.
4.1 Pre-equilibrium nucleon and cluster emission
During the first stage of the reaction, hard two-body scattering plays an essential role and pre-
equilibrium emission is observed, i.e. nucleons and light particles are promptly emitted from the system.
One may expect that two- and higher order correlations play an important role in determining mass,
isotopic properties and kinematical features of the particles emitted. Moreover, it is easy to realize that
this stage influences significantly also the following evolution of the collision. Indeed, the amount of
particles and energy removed from the system affects the properties of the composite source that eventu-
ally breaks up into pieces. Hence, when discussing multifragmentation mechanisms, a detailed analysis
of this early emission is in order. Moreover, pre-equilibrium emission, involving energetic particles, is
particularly sensitive also to the momentum dependence of the nuclear effective interaction.
To get an insight into the theoretical description of the reaction dynamics, it is quite instructive
to compare the results obtained, for selected collisions at Fermi energy, within the scheme of the
AMD and SMF models (employing similar momentum dependent interactions and n-n cross section
parametrizations in the two cases). This analysis was performed in Ref.[43], for the neutron-poor
112Sn+112Sn and neutron-rich 124Sn+124Sn reactions, at 50 MeV/nucleon. As far as the early emission
of nucleons and light clusters is concerned, one observes that these particles (with mass number A ≤ 4)
leave the system mostly in the time interval between ≈ 70 -120 fm/c (see also Fig.9). A striking
difference between the two models concerns the amount of these emitted particles, that is larger in the
SMF case, though the average kinetic energy of this emission is similar in the two models (being 20.72
MeV/nucleon in SMF and 21.95 MeV/nucleon in AMD) [43]. Moreover, mainly unbound nucleons are
emitted in the SMF case. However, it should be noticed that, in AMD, also light fragments, with mass
number 5 ≤ A ≤ 15, leave the system during the early stage of the reaction, on equal footing as light
particles. This is not observed in SMF. Thus, as a matter of fact, the total amount of mass which
escapes from the system is close in the two models. As a consequence, we also expect a similar global
amount of mass going into the production of intermediate mass fragments (IMF), with mass number
A > 15, as it will be discussed in the following.
As argued in Ref.[43], the difference observed between the two models for single nucleon and light
particle emission can be ascribed to the fact that clustering effects and many-body correlations are more
efficient in AMD, due to the nucleon localization, reducing the amount of mass that goes into very light
reaction products. Some effects may also be connected to a different compression-expansion dynamics
in the two models, as we will discuss below. Clustering effects are under intense investigation nowadays,
in a variety of contexts, including astrophysical environments [7], and it deserves much attention to get
new insights from multifragmentation events [73, 76, 61, 111].
4.1.1 Isospin effects
A lot of interest in the last years has been directed also to the isotopic composition of the pre-equilibrium
emission. This appears as a rather interesting feature, which is expected to be particularly sensitive
to the isovector channel of the effective interaction and, namely, to the symmetry energy. Because
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Figure 6: (Color online) Time evolution of the N/Z content of the pre-equilibrium emission, as obtained
in SMF (left panel) and AMD (right panel) models, for the 112Sn + 112Sn and 124Sn + 124 Sn reactions.
Solid lines, asystiff interaction; dashed lines, asysoft. Taken from [43].
the symmetry energy is density dependent, this kind of observables are also rather useful to track
the reaction dynamics itself. Moreover, also isotopic features are expected to be sensitive, generally
speaking, to correlations and clustering effects. The comparison between AMD and SMF results, for
124Sn + 124Sn and 112Sn + 112Sn reactions at 50 MeV/A is shown in Fig.6, when employing a soft or a stiff
symmetry energy parametrization. One can observe that the more abundant pre-equilibrium emission
obtained in SMF is associated with a lower N/Z value, with respect to the AMD results, especially
for the neutron-rich system. Both effects could be connected to the more pronounced clustering effects
in AMD and/or the different density conditions explored along the reaction path. Indeed, if cluster
production is favored, protons are more likely bound in it.
Some general considerations emerge from the results displayed in the figure: when comparing the two
reactions, it is seen that neutron (proton) emission is more abundant in the neutron-rich (poor) systems,
as expected. Moreover, the figure also shows that a larger (smaller) number of neutrons (protons)
is emitted in the asysoft case, as compared to the asystiff case. This is consistent with the larger
repulsion of the symmetry potential for the soft parametrization below normal density. Hence this result
confirms that pre-equilibrium particles leave the system from regions that are at sub-normal density,
where the symmetry energy is higher in the soft case (see Fig. 3). Inspite of these common features,
one can easily notice that the quantitative differences between the AMD and SMF result obtained
for a given parametrization are larger than the differences given by the two parametrizations. This
observation highlights the important impact of the description of the many-body dynamics, namely the
interplay between mean-field and correlation effects, even on isospin observables. A correct description
of clustering effects looks crucial in order to extract reliable information on the low-density symmetry
energy behavior from pre-equilibrium observables.
An insight into effects related to the momentum dependence of the nuclear interaction is got by
looking at the N/Z ratio versus the kinetic energy of the pre-equilibrium emitted particles. As an
illustrative example, we show here the results discussed in Ref.[102], obtained with the ImQMD model,
see Fig.7. The figure displays the ratio of the the yields of neutrons and protons, for the same reactions
considered above (at 50 MeV/nucleon), as a function of the kinetic energy. Four Skyrme effective
interactions are employed, corresponding to different symmetry energy parametrization (stiff or soft)
and different splitting of the proton/neutron effective masses (see also Fig.4). One observes that,
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Figure 7: (Color online) Left panel: Neutron-proton ratio Y(n)/Y(p) as a function of the kinetic energy
for 112Sn + 112Sn at b= 2 fm with angular cuts 700 < θc.m. < 110
0; Middle panel: the same quantity,
for 124Sn + 124Sn. Right panel: Double ratios, DR(n/p), as a function of kinetic energy. The results
shown on the figure are for SLy4 (solid circles), SkI2 (open circles),SkM* (solid squares) and Gs (open
squares). Taken from [102].
whereas the N/Z ratio of the particles emitted at low kinetic energies is governed by the low-density
symmetry energy behavior (being larger in the soft case), the trend at large kinetic energy reflects the
effective mass splitting sign. Higher N/Z values (see especially the case of the 124Sn + 124Sn system,
middle panel) are associated with parametrizations having m∗n < m
∗
p. Indeed the latter case corresponds
to a more repulsive symmetry potential for neutrons. This effect is particularly evident on the right
panel, which represents the double ratio DR(n/p), i.e. the ratio between the N/Z content of the pre-
equilibrium emission obtained in the two systems considered (the neutron-rich 124Sn + 124Sn and the
neutron poor 112Sn + 112Sn). There have been recent attempts to compare predictions related to pre-
equilibrium observables to experimental data, aiming at extracting information on symmetry energy
and effective mass splitting sign at once. We report here, as an example, the results of Ref.[112], where
simulations are still performed with the ImQMD model, employing the “soft” parametrizations of Fig.4.
The double ratio DR(n/p), evaluated for the same systems considered above at two beam energies, 50
and 120 MeV/nucleon, is represented in Fig.8. The comparison to the corresponding experimental data
seems to favour the m∗n < m
∗
p scenario. As already discussed above, in this case an increasing trend of
the double n/p ratio with the kinetic energy is expected (see Fig.7).
4.2 Multifragment emission
As a result of the initial compression/expansion dynamics and/or thermal effects, the composite sources
formed in central heavy ion collisions may reach low density values, attaining the co-existence zone of
the nuclear matter phase diagram. A qualitative illustration of the corresponding reaction path is given
in Fig.9 for the system 112Sn + 112Sn at 50 MeV/nucleon.
In this situation, as a possible scenario (see the recent review, Ref.[108]), the system undergoes a
spontaneous phase separation, breaking up into several fragments, as a consequence of the occurrence
of mean-field spinodal instabilities [113, 23]. This scenario is supported by simulations performed with
stochastic mean-field models [114].
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Figure 8: (Color online) Neutron to proton double ratio, for Sn + Sn collisions at beam energies
Ebeam/A=50 MeV (a) and 120 MeV (b). Experimental data are confronted with ImQMD transport
calculations employing two different Skyrme interactions. Reprinted from [112], with kind permission
of the APS.
It should be noticed, however, that in the initial high density phase nucleon correlations are expected
to be rather large, owing to the huge amount of two-body nucleon-nucleon collisions. Hence some
memory of these high density correlations could be kept along the fragmentation process, even assuming
that clusters emerge essentially from the occurrence of mean-field instabilities. In any case, fluctuations
of the one-body density induced by two-body scattering provide, at least, the initial seeds for the nucleon
assembly into clusters. As already discussed in the case of pre-equilibrium observables, an insight into
the interplay between mean-field and correlation effects can be got comparing the results of extended
BUU-like models, including fluctuations, and molecular dynamics models. In the following we come
back to the comparison performed between AMD and SMF calculations in Ref.[43], briefly discussing the
main results. As already pointed out in subsection 4.1, in the AMD approach clustering effects appear
Figure 9: Contour plots of the density projected on the reaction plane, calculated with the SMF model,
for the central reaction 112Sn + 112Sn at 50 MeV/nucleon, at several times (fm/c). The lines are drawn
at projected densities beginning at 0.07 fm2 and increasing by 0.1 fm2. The size of each box is 40 fm.
Taken from [43].
to be more relevant, reducing the amount of free nucleons emitted, compared to SMF, in favor of a richer
production of primary light IMFs. However, it is quite interesting to notice that the yield of sizeable
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Figure 10: (Color online) Charge distribution as obtained in AMD (solid histogram) and in SMF (dashed
histogram), for the reaction 124Sn+124Sn at the time instant t=200 fm/c (left) and t=300 fm/c (right).
Taken from [43].
primary IMFs (Z > 6) is rather close in the two models, likely keeping the fingerprints of low-density
mean-field dynamics. This is shown in Fig.10, which compares the charge distributions obtained for the
reaction 124Sn +124 Sn at 50 MeV/A. Looking more in detail, in SMF fragments with charge around
Z = 10 are slightly more abundant, while in AMD the tail at larger Z (around 20) is more pronounced.
The shape of the SMF charge distribution is closer to the expectations of spinodal decomposition [23].
However, it should be noticed that these differences are likely smoothened by secondary decay effects.
In fact, both models are able to fit experimental IMF charge distributions reasonably well [71, 114]. A
good reproduction of experimental data is provided also by QMD calculations, see Ref.[115]. A more
refined analysis, based on event-by-event fragment correlations would be needed to disentangle among
possible different fragmentation scenarios [107].
Major differences among models are connected to fragment kinematical properties: for instance,
in SMF fragment kinetic energies are smaller, compared to AMD, by about 20%. These observations
corroborate the scenario of a faster fragmentation process in AMD, while in SMF the system spends
a longer time as a nearly homogeneous source at low density, thus quenching radial flow effects before
fragment formation sets in [109, 114]. This delay in the fragmentation process, probably associated with
the approximate treament of fluctuations in SMF, could be overcome in upgraded stochastic mean-field
models, introduced more recently [64, 66]. We review here some results obtained with the BLOB model.
The latter was conceived with the purpose of including fluctuations in full phase space, thus im-
proving the treatment of fluctuations and correlations, but preserving, at the same time, mean-field
features such as the proper description of spinodal instabilities at low density [116]. The improvement
introduced by the BLOB approach is primarily providing a correct sampling of the fluctuation am-
plitude in full phase space, yielding a faster fragmentation dynamics and also a consistent description
of the threshold toward multifragmentation. Fig. 11 shows results of simulations performed for the
system 136Xe+124Sn, at several incident energies, analysed for central impact parameters at the time t
= 300fm/c. It is observed that fragmentation events start competing with the predominant low-energy
fusion mechanism already at around 20 MeV/nucleon of beam energy. The multiplicity of the primary
IMF with Z > 4, evaluated at 300 fm/c (full blue line), tends to grow with the beam energy, however
a maximum at around 45 MeV/nucleon is observed when considering cold fragments, i.e. after the sec-
ondary de-excitation stage has been taken into account. (The cooling of the hot system is undertaken
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by the use of the decay model Simon [117].) On the other hand, calculations performed with SMF, also
shown on the figure, tend to overestimate the energy threshold toward multifragmentation.
In the figure, two experimental points from INDRA [118, 119] indicate the IMF multiplicity extracted
from the analysis of central compact sources; they can be compared to the calculated cold distribution
and indicate that the BLOB simulation, performed employing a soft EOS (with compressibility K =
200 MeV), is quantitatively consistent. The faster BLOB dynamics also leads to a better description
of fragment kinetic energies, as recently pointed out in Ref.[121] in the case of fragmentation events
emerging from mass-asymmetric reactions at Fermi energies, of recent experimental interest.
New improvements have been reported also in the case of the latest version of the AMD model,
which includes a refined treatment of light cluster dynamics [75, 76]. Fig.12 reports a comparison of
the calculated charge distribution, for central collisions (with impact parameter 0 < b < 2 fm), with
the INDRA data, for the system 129Xe + natSn at 32 (right panel) and 50 (left panel) MeV/nucleon. It
is interesting to see that the inclusion of cluster correlations leads to a quite good reproduction of the
whole charge distribution spectrum, including protons and very light clusters [76].
4.2.1 Isotopic features
It is quite well established that, in neutron-rich systems, the fragment formation mechanism also keeps
the fingerprints of the isovector channel of the nuclear effective interaction, in connection to the sym-
metry energy term of the EOS [47, 48]. Indeed one observes that the clusters (liquid drops) which
Figure 11: (Color online) BLOB simulation: evolution of IMF (Z > 4) multiplicity, as a function
of incident energy for the system 136Xe+124Sn and a selection of central collisions at 300fm/c (colour
shades) and for the cold system (grey contours). Corresponding mean values are indicated for the
BLOB simulation (full blue line for primary fragments and dot-dashed line for final fragments) and
for a SMF calculation (black dashed line, primary fragments). Corresponding experimental data from
Indra experiments [118, 119] are added for comparison, with average (symbols) and variance (bars) of
the multiplicity distributions. Taken from [120].
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Figure 12: (Color online) Fragment charge distribution in central Xe+Sn collisions at the incident
energies of 50 (left) and 35 (right) MeV/nucleon, calculated by AMD with cluster correlations. The
inset shows the multiplicities of light particles multiplied by the mass number. The INDRA experimental
data are taken from ref.[12]. Taken from [76].
emerge from the low-density nuclear matter have a lower N/Z ratio, with respect to the surrounding
nucleons and light particles. This effect, the so-called isospin distillation (or fractionation), is connected
to the density derivative of the symmetry energy and leads to the minimisation of the system potential
energy [122, 123, 46]. Fluctuations act on both isoscalar and isovector degrees of freedom. On top of
the average isospin distillation mechanism, isovector fluctuations generate the isotopic distribution of
the fragments observed. Combining the two features, namely the average fragment N/Z and the corre-
sponding variance, it should be possible to grasp the behavior of the low-density symmetry energy, see
the analyis in Ref.[125]. This has been done also resorting to the so-called isoscaling analysis [122, 124].
As an illustrative example, Fig.13 shows the action of the isovector terms on the system 136Xe+124Sn (at
32 MeV/A), looking at fragment isotopic features. Results obtained with BLOB, employing an asystiff
EOS, are displayed [116].
To explore the behavior of the system as a function of the local density, ripples of the mean-field
potential, which can be considered as pre-fragments, are identified at several time instants along the
dynamical evolution of the nuclear reaction. Then isospin effects are investigated as a function of the
average local density and for different ripple sizes. Different sets of potential-concavity sizes are indicated
by extracting a corresponding mass A′. As one can see from the bottom panel of the figure, from an
initial situation where the system is close to saturation density and the average isospin is determined by
the mixing of target and projectile nuclei, densities drop to smaller values and the isospin distribution
extends over a large range. In particular, the smaller is the local density, the larger is the neutron
content measured in corresponding sites, as neutrons favour the most volatile phase.
The top panel of the figure shows the isotopic distribution obtained, at two different times, for frag-
ments in two different mass ranges A′. Considering that, at the instants considered, thermal equilibrium
is attained, the distribution of the difference δ = (N ′ − Z ′) with respect to its average is expected to
behave as: P (δ) ≈ exp[−(δ2/A′)Csym(ρwell)/T ], thus reflecting the temperature T and bringing infor-
mation on the symmetry energy value at the corresponding fragment density ρwell (full blue lines on
the figure). Temperatures of the order of T = 3 MeV are extracted from the simulations. One can
observe that the BLOB calculations become closer to the analytical predictions at the largest time
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Figure 13: (Color online) BLOB simu-
lation of head-on 136Xe+124Sn collisions
at 32AMeV. (upper row) Isotopic dis-
tribution (full dots) in potential ripples
containing N neutrons and Z protons
for cluster-forming configurations with
masses aroundA=15 (left) and A=24
(right) at t=130 fm/c. The lines cor-
respond to analytic distributions (see
text), corresponding to the density ex-
tracted from different portions of poten-
tial ripples. (middle row) The same as
in the upper row, but at t=200 fm/c.
(bottom) Average isospin content mea-
sured in potential ripples at two dif-
ferent times, as indicated on the fig-
ure, as a function of the ripple density
ρwell. Larger density values correspond
to prefragments of larger mass. The dot-
dashed line with an arrow indicates the
asymmetry of the projectile-target com-
posite system. Taken from [116].
instant considered, though they remain narrower. This indicates that, whereas the BLOB fluctuation
treatment looks efficient in out-of-equilibriums and/or unstable situations, providing the seeds for frag-
ment formation, some refinements are still needed to properly describe the fluctuations characterizing
the following (thermodynamical) interaction phase among formed fragments. These fluctuation issues
are a crucial point to be checked in transport codes, in order to link fragment isotopic features to the
trend of the symmetry energy [126].
4.3 Concluding remarks on multifragmentation
The results reviewed above indicate that the pre-equilibrium and fragmentation dynamics is quite sen-
sitive to the subtle interplay between mean-field and many-body correlation effects. This may lead to
different predictions of the transport models which are commonly employed to simulate heavy ion colli-
sions, according to the different approximations adopted to go beyond the mean-field picture. Whereas
closer results are obtained for IMF multiplicities and charge distributions, light cluster and isospin ob-
servables exhibit a larger sensitivity to the treatment of the many-body dynamics. In particular, one
observes that composition and N/Z ratio of the pre-equilibrium emission, as predicted by BUU-like and
QMD-like models, can be different. As discussed above in the specific case of the comparison between
AMD and SMF models, for a fixed parametrization of the symmetry potential the isotopic content of
the emitted light particles appears model-dependent, being systematically lower in SMF, that also gives
a more abundant emission. As a consequence, though the IMF charge distributions may exhibit some
similarities, IMFs are predicted neutron-richer in SMF than in AMD.
The latter observations lead to the conclusion that isospin observables not only reflect the features
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of the isovector channel of the nuclear effective interaction, but they are largely affected by the global
reaction dynamics. This could be simply expected from the fact that the symmetry potential is density
dependent, however the impact of the nuclear dynamics on these observables looks generally more
intricate, also revealing the presence of correlations and clustering effects. One may conclude that the
discrepancies between transport model predictions should be ascribed essentially to differences in the
description of compression-expansion dynamics and many-body correlations, which affect isoscalar, as
well as isovector properties, of the reaction products. From this point of view, isospin observables could
be also exploited as a tracer of the reaction dynamics, to probe pre-equilibrium stage and fragmentation
path.
Finally, it would be quite appealing to extend the comparison of pre-equilibrium and fragmentation
features discussed above to other approaches recently introduced to deal with the nuclear many-body
dynamics, namely approaches incorporating explicit light cluster production [76] and new stochastic
models [116, 66].
5 Reaction dynamics at medium energy: semi-peripheral col-
lisions
In the previous Section, we focused our attention on multifragmentation processes observed in cen-
tral collisions at Fermi energies. At semicentral impact parameters, the mechanism changes from
fusion/fragmentation to predominant binary channels (which give rise to deep-inelastic or quasi-fission
processes); along this transition an intermediate mechanism appears where a low-density neck region,
from which fragments can eventually emerge, is produced between projectile-like (PLF) and target-like
(TLF) fragments. A qualitative illustration of the mechanism is given in Fig.14.
In addition to volume instabilities, surface effects (and related instabilities) are particularly impor-
tant for the description of the configuration paths encountered in low- and Fermi-energy heavy ion
collisions. As far as the description of low-energy nuclear processes is concerned, it is worth men-
tioning that stochastic extensions of time-dependent quantum approaches have been recently proposed
[54, 127, 55]. Within this scheme, quantum and/or thermal fluctuations are injected in the initial
conditions, leading to a spread of dynamical trajectories and corresponding variances of physical ob-
servables. Interesting results have been obtained for spontaneous fission of superheavy systems [56].
One could envisage a smooth transition from quantum models to the semi-classical treatments discussed
here. In particular, at Fermi energies we still expect thermal and/or mean-field fluctuations to influence
dynamical fragment emission from the neck region and from PLF/TLF sources.
The neck fragmentation with a peculiar intermediate mass fragment (2 < Z < 20) distribution and
an entrance channel memory was observed experimentally and predicted by various transport models
[46, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141]. An interplay between statistical
and dynamical emission mechanisms can be expected; however it is possible to identify clear dynamical
signatures, such as the appearance of hierarchy effects of the IMF size vs. transverse velocity, which
keep track of the cluster formation time scale and of the related impact of many-body correlations.
Moreover, the analysis of the IMF relative velocities with respect to PLF and TLF reveals that a large
fraction of fragments emitted at mid-rapidity cannot be associated with statistical emission from PLF
and TLF sources, since they deviate from the Viola systematics [137]. The dynamical nature of these
fragments has been probed also through the comparison with transport models. An example is given in
Fig.15, which shows the charge distribution of the IMFs emitted at mid-rapidity, for the system 124Sn
+ 64Ni at 35 MeV/nucleon. Experimental data [137] are compared to SMF simulations, which predict
a prompt dynamical emission. The model is able to reproduce also fragment velocity distributions.
The good agreement supports the interpretation of the neck emission in terms of the occurrence of
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Figure 14: Contour plots of the density projected on the reaction plane, calculated with SMF, for the
reaction 112Sn + 112Sn at 50 MeV/nucleon, at several time instants (fm/c) indicated on the panels. The
lines are drawn at projected densities beginning at 0.07 fm2 and increasing by 0.1 fm2. The size of each
box is 40 fm. Left column: impact parameter b = 4 fm. Right column: b = 6 fm. Taken from [2].
volume/surface instabilities, according to the scenario offered by given transport models.
Isospin effects are expected also in semi-peripheral reactions. Indeed, the low-density neck region
may trigger an isospin migration from the PLF and TLF regions, which have normal density. Therefore,
the isospin content of the neck fragments could reflect the isospin enrichment of the mid-velocity region.
Moreover, new interesting correlations between fragment kinematical features and isotopic properties,
which can provide clues in searching for the most sensitive observables to the symmetry energy, are
noted and are still under intense scrutiny.
For more peripheral collisions, the binary mechanism is accompanied, for N/Z-asymmetric entrance
channel combinations, by isospin diffusion, that drives the system toward charge equilibration. This
mechanism has been widely exploited to probe the low-density behavior of the symmetry energy [142,
4, 143, 144, 145].
In the following we will focus our discussion mainly on isospin dynamics, which has been the object
of more recent investigations, and we will review a selection of results related to isospin observables
typical of semi-peripheral and peripheral collisions at Fermi energies.
5.1 Isospin transport at Fermi energies
As anticipated above, reactions between charge asymmetric systems are charecterized by a direct isospin
transport in binary events (isospin diffusion). This process occurs through the low density neck region
and thus it is expected to manifest a sensitivity to the low density behavior of Csym, see Refs.[3, 142, 143,
144, 4, 145]. Moreover, it is now quite well established that a large part of the reaction cross section
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Figure 15: (Color online) Experimental charge distribution of dynamically emitted IMFs detected in the
124Sn + 64Ni reaction at 35 MeV/nucleon. The squares correspond to the SMF+GEMINI calculations.
Red circles: filtered calculated data. The large effect of the detector filter on the charge Z = 4 is due
to the unbound 8Be isotope that is present in the calculation, but filtered because it is not identified in
the data analysis. Taken from [137].
measured in the Fermi energy range goes into the neck fragmentation channel, with IMFs directly
emerging from the interacting zone on short time scales [129, 137]. Fragments are still formed in a
dilute asymmetric matter but always in contact with the regions of the projectile-like and target-like
remnants, almost at normal densities. This may favor the neutron enrichment of the low-density neck
region (isospin migration).
The main role of the isospin degree of freedom in the collision dynamics can be easily understood
at the hydrodynamical limit, considering the behavior of neutron and proton chemical potentials as a
function of density ρ and asymmetry β ≡ I = ρ3/ρ [146]. The proton/neutron currents can be expressed
as
jp/n = D
ρ
p/n∇ρ−Dβp/n∇β, (31)
with Dρp/n the drift, and D
β
p/n the diffusion coefficients for transport dynamics [146]. Of interest for
the study of isospin effects are the differences of currents between protons and neutrons which have a
simple relation to the density dependence of the symmetry energy
Dρn −Dρp ∝ 4β
∂Csym
∂ρ
,
Dβn −Dβp ∝ 4ρCsym . (32)
From these simple arguments, one can realize that the isospin transport due to density gradients (isospin
migration) is ruled by the slope of the symmetry energy, or the symmetry pressure, while the transport
due to isospin concentration gradients (isospin diffusion) depends on the symmetry energy value. Hence
transport phenomena in nuclear reactions appear directly linked to two relevant properties (direct value
and first derivative) of the symmetry energy of the nuclear EOS.
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5.1.1 Charge equilibration in peripheral collision dynamics
In semi-peripheral and peripheral reactions, transport simulations allow one to investigate the asym-
metries of the various parts of the interacting system in the exit channel: emitted particles, PLF and
TLF fragments, and, for ternary (or higher multiplicity) events, IMFs. In particular, one can study the
Figure 16: (Color online) Projectile (P, upper curves in each panel) and target (T, lower curves in each
panel) imbalance ratio as a function of relative energy loss. Upper panel: separately for stiff (solid) and
soft (dashed) asyEOS, and for MD (circles and squares) and MI (diamonds and triangles) interactions,
in the projectile region (full symbols) and the target region (open symbols). Lower panel: quadratic fit
to all points for the stiff (solid), respectively soft (dashed) asyEOS. Taken from [143].
so-called isospin transport ratio (or imbalance ratio), which is defined as:
RxP,T =
2(xM − xeq)
(xH − xL) , (33)
with xeq = 1
2
(xH + xL). Here, x is an isospin sensitive quantity that has to be investigated with
respect to equilibration [147, 3]. One can directly consider the asymmetry I = (N − Z)/A, but also
other quantities, such as isoscaling coefficients, ratios of light fragment’s yields, etc, can be of interest
[3, 4, 148, 126]. The indices H and L refer to symmetric reactions between heavy (n-rich) and light
(n-poor) systems, while M refers to the mixed reaction. P, T denote the rapidity region, in which this
quantity is measured, in particular the PLF and TLF rapidity regions. Clearly, this ratio is ±1 in
the projectile and target regions, respectively, for complete transparency, and oppositely for complete
rebound, whereas it is zero for complete equilibration.
The centrality dependence of the isospin transport ratio has been widely explored in experiments
as well as in theory [3, 142, 143, 144, 4, 145]. Many investigations have been concentrated on Sn +
Sn collisions at 35 and 50 MeV/nucleon [3]. Some examples are given below. Fig.16 shows the results
of SMF calculations employing Momentum Dependent (MD) or Momentum Independent (MI) Skyrme
interactions [143]. The transport ratio, evaluated considering, as the x observable of Eq.(33), the N/Z
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Figure 17: (Color online). Left panel: Comparison of experimental isospin transport ratios (shaded
regions) to ImQMD results (lines), as a function of impact parameter for different values of the parameter
γi, related to the symmetry energy behavior. Right panel: Comparison of experimental isospin transport
ratios obtained from the yield ratios of A = 7 isotopes (star symbols), as a function of the rapidity, to
ImQMD calculations (lines) at b = 6 fm. Reprinted from [4], with kind permission of the APS.
ratio of primary PLF and TLF, is reported as a function of the kinetic energy loss. The latter quantity
is taken as an estimate of the dissipation degree reached along the collision dynamics and thus of the
contact time between the reaction partners. The energy dissipation between projectile and target is
mainly governed by the isoscalar features of the nuclear interaction (including effective mass details)
[149]. On the other hand, for the same amount of dissipated energy, the sensitivity of the isospin
transport ratio to the symmetry energy is nicely isolated (see the lines on the bottom panel of Fig.16).
More equilibration, i.e. a smaller R ratio, is obtained in the case of an asysoft parametrization, which is
associated with a higher symmetry energy value below normal density (see Fig.3). Quite sizeable isospin
equilibration effects characterize the semi-central events (corresponding to large dissipated energy).
Calculations performed with the ImQMD model, together with a thorough comparison to the MSU
experimental data, are reported in [4]. Corresponding results are shown in Fig.17, for the transport ratio
as a function of the impact parameter (left panel) and of the fragment rapidity (right panel). Several
parametrizations of the symmetry energy, denoted by the parameter γi (see the discussion in Section
3) are employed. The predictions of the SMD and ImQMD models look comparable for peripheral
collisions, where a low degree of charge equilibration is observed in both cases, however SMF predicts a
larger equilibration at semi-central impact parameters. This can be expected on the basis of the faster
dynamics, i.e. the larger transparency characterizing QMD-like models [32], with respect to mean-field
ones. We observe again that not only isospin observables hold a sensitivity to the density behavior of
the symmetry energy, but they also trace the many-body reaction dynamics.
It is worth noticing that the isospin transport ratio is also affected by isoscalar features of the nuclear
effective interaction [143, 149]. Also clustering effects may impact this observable, as pointed out, for
instance, in Ref.[61].
The information on the stiffness of the symmetry energy, extracted from the comparison performed
in Ref.[4], see Fig.17 (left panel), points to a value of the slope L in the range between 40 and 80 MeV.
With respect to the model dependence discussed above, this conclusion should be rather robust because
the analysis is performed at semi-peripheral impact parameters, where the predictions of different models
are closer to each other.
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5.1.2 Neck fragmentation at Fermi energies: isospin dynamics
As discussed above, in presence of density gradients, as the ones occurring when a low-density neck
region is formed between the two reaction partners, the isospin transport is mainly ruled by the density
derivative of the symmetry energy, see Eqs.(32), and so we expect a larger neutron flow toward the
neck clusters for a stiffer symmetry energy around saturation [46] (see Fig.3). As predicted by some
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Figure 18: (Color online) BLOB simulations: Isotopic content of neck fragments at 300fm/c, identified in
the impact parameter region of maximum production, as a function of the transverse velocity component
with respect to the PLF-TLF axis for a stiff and a soft form of the symmetry energy potential. Taken
from [120].
transport models, this mechanism (isospin migration) appears as a good candidate to explain the
neutron enrichment of the neck region. The effect is illustrated in Fig.18, where the neutron enrichment
of the neck primary fragments, simulated with BLOB, is shown as a function of their transverse velocity,
for the reaction 136Xe+124Sn at 32 MeV/A. Two different parametrizations of the nuclear symmetry
energy are employed (asysoft and asystiff). Two interesting features emerge from these results: i) the
neutron migration effect is larger at smaller transverse velocity, i.e. for fragments which stay for a longer
time in contact with the PLF/TLF regions (thus experiencing a more effective isospin migration); ii)
neutron-richer fragments are obtained in the asystiff case, confirming the sensitivity of the effect to the
symmetry energy derivative. These features, related to primary fragment emission, could be blurred
by secondary decay, thus it would be desirable to build observables that should be less affected by the
de-excitation stage. A possibility would be to consider ratios of fragment yields or isotopic features. For
instance, one can adopt the ratio of the asymmetry of the IMFs (βIMF ) to that of the residues (βres).
For symmetric projectile/target reactions, this quantity can be roughly estimated analytically on the
basis of simple energy balance considerations. By imposing to get a maximum (negative) variation of
Csym(ρ) when transfering the neutron richness from PLF and TLF towards the neck region, one obtains
[143]:
βIMF
βres
=
Csym(ρR)
Csym(ρI)
(34)
From this simple argument the ratio between IMF and residue (PLF and TLF) asymmetries should
depend only on symmetry energy properties and, in particular, on the different symmetry energy values
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Figure 19: Ratio between the neck IMF
and the PLF/TLF asymmetries, in Sn +
Sn reactions at 50 AMeV , as a function
of the system initial asymmetry. SMF
simulations. The bands indicate the
uncertainty in the calculations. Taken
from [48], with kind permission of the
European Physical Journal (EPJ).
associated with residue and neck densities (ρR and ρI , respectively), as appropriate for isospin migration.
It should also be larger than one, more so for the asystiff than for the asysoft EOS. Results obtained
with SMF, employing the asystiff and asysoft parametrizations (see Fig.3), are represented in Fig.19,
for Sn + Sn systems with different initial asymmetry, βin, at 50 MeV/nucleon of beam energy. One can
see that this ratio is nicely dependent on the asyEOS only (being larger in the asystiff case) and not
on the system considered. Assuming that final asymmetries are affected in a similar way by secondary
evaporation, one could directly compare the results of Fig.19 to data. However, some words of caution
are needed, because of the different size/temperature conditions of the neck region with respect to PLF
and TLF sources.
Figure 20: (Color online) Experimental < N/Z > distributions, as a function of the charge Z, for
statistically emitted (solid squares - red line) and dynamical emitted fragments (solid circles - black
line), for the reaction 124Sn + 64Ni. Blue hatched area: SMF-GEMINI calculation for dynamical emitted
particles and asystiff parametrization; magenta hatched area: asysoft parametrization. The < N/Z >
of primary IMFs as a function of the atomic number Z, as obtained in SMF calculations, is plotted in
the inset for the two parametrizations. The hatched zone indicates the error bars in the calculations.
Taken from [137].
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We now move to review some recent experimental evidences related to the neutron enrichment of the
neck fragments [137, 150, 140, 141]. The isotopic features of the neck emission have been investigated
in experimental analyses performed on Sn+Ni data at 35 AMeV by the Chimera Collab.[137] The
experimental observation that these fragments are neutron-rich appears compatible with the isospin
migration mechanism predicted by stochastic mean-field models. Provided that charge distribution and
kinematical properties of the neck fragments are also consistently described, this observable can probe
the density dependence of the symmetry energy, as shown in Fig.20. First of all one can see that, in the
data analysis [137], the “dynamical” emission (black line), i.e. the fragments which are directly emitted
at mid-rapidity, exhibits a larger N/Z than the “statistical” emission from PLF/TLF sources (red line).
SMF simulations, including statistical de-excitation, (the bands on the figure) indicate that an asystiff
parametrization of the symmetry energy leads to a better agreement with the data. Within the same
data set, a strong correlation between neutron enrichement and fragment alignement (which enforces a
short emission time) has been evidenced. The comparison with the simulations point to a stiff behavior
of the symmetry energy (L ≈ 75 MeV ). We notice that this result is compatible with the constraints
extracted from the analysis of the isospin transport ratio discussed in the previous subsection.
Figure 21: (Color online) Measured neutron excess of both the heavy (red) and light (blue) daughters
produced in binary splits of a deformed excited projectile-like fragment as a function of the duration of
the equilibration. Data shown is for 70Zn + 70Zn at 35 MeV/u, ZH = 12, ZL = 7. The cartoon across
the top suggests the neutron-rich (blue) - proton-rich (red) equilibration as the system rotates. Taken
from [151].
New experimental studies have been devoted to probe the isotopic content of the fragments emitted
at mid-rapidity, in connection to kinematical features and emission time scales [140, 141]. In particular,
the main goal was to explore the interplay between the isospin migration/diffusion effect and the
time scales characterizing the fragment emission dynamics. Fig.21 illustrates the features of the two
fragments (of charge ZL and ZH) emitted on short time scales from deformed PLF sources, in semi-
peripheral reactions at typical Fermi energies. Emission times are extracted from the light fragment
emission angle, according to the estimated PLF intrinsic angular momentum. It is seen that the light
fragments are neutron-richer when their orientation with respect to the (heavier) projectile-like fragment
corresponds to a small angle, i.e. they are promptly emitted, along a rather aligned configuration. The
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Figure 22: (Color online) Top panel: Composition of the light fragment as a function of its orientation
relative to the projectile-like fragment for reactions of Zn+Zn at 45 MeV/u. Black: measured data.
Color points: CoMD model calculations for varying forms of the asymmetry energy. Bottom panel: The
CoMD model also shows how the composition of the heavy fragment changes in proportion and in the
opposite direction to the composition of the light fragment. Reprinted from [152], with kind permission
of the APS.
latter observation would be consistent with the fact that the light fragments, when promptly emitted,
still reflect the neutron enrichment of the neck region. On the other hand, larger emission angles would
correspond to a longer emission time, i.e. to a significant rotation of the light fragment around the heavy
one, that would lead to isospin equilibration, prior to the emission, among the two objects. This would
correspond to an increase (decrease) of the N/Z of the light (heavy) fragment, towards equilibration.
In Fig.22 the experimental data are compared to the results of the CoMD model [37]. It is interesting
to see that the model is able to reproduce the decreasing (increasing) trend of the N/Z of the light (heavy)
fragment with the emission time, i.e. the emission angle. The calculations also exhibit a sensitivity
to the symmetry energy parametrization employed (denoted by the slope parameter L on the figure).
However, the model predicts neutron-richer heavy fragments, with respect to the light ones (compare
top and bottom panels), contrarily to what is observed in the data, see Fig.21, and expected on the
basis of isospin migration arguments. A deeper discussion about the predictions of different transport
models is tackled in the next subsection.
5.2 Comparison between the predictions of different transport models
A closer inspection of the main mechanisms governing energy dissipation and isospin transport can be
made by comparing the predictions of different transport models. As shown by Figs.16 and 17, which
illustrate charge equilibration for Sn+ Sn reactions at 50 MeV/nucleon, for the most central reactions
the ImQMD code predicts a quite different behavior with respect to SMF: indeed the trend of the isospin
transport ratio versus the impact paramter is flatter in ImQMD. This behavior would suggest that,
even in the case of central collisions, the contact time between the two reaction partners remains rather
short, inhibiting charge equilibation. Then energy dissipation is mainly due to nucleon correlations and
particle emission, rather than to mean-field effects. In other words, the faster (and more explosive)
dynamics predicted by ImQMD simulations would lead to the lower degree of isospin equilibration
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Figure 23: (Color online) Left panel: Average total charge per event, associated with IMFs, as a
function of the reduced rapidity, obtained in the reaction 124Sn + 124Sn at 50 MeV/u. Results are
shown for ImQMD calculations at b = 6 fm (thick black line) and b = 8 fm (thin blue line) and for
SMF calculations at b = 6 fm (full circles) and b = 8 fm (open circles). A soft interaction is considered
for the symmetry energy. Right panel: N/Z of IMFs as a function of the reduced rapidity. Lines and
symbols are like in the left panel. Results corresponding to a stiff asyEOS are also shown for ImQMD
(dashed line) and SMF (crosses), for b=6 fm. Taken from [48], with kind permission of the European
Physical Journal (EPJ).
observed. It should be noticed that the stronger impact, in molecular dynamics approaches, of many-
body correlations on the fragmentation path was evidenced also in the case of central multifragmentation
reactions, see the discussion concerning the comparison between AMD and SMF approaches in Section
4.2 [43].
To explore in deeper details the neck fragmentation dynamics, results concerning IMF (Z > 2)
properties, obtained with the SMF and ImQMD codes, are compared in Fig.23. In the left panel, the
average total charge per event, bound im IMFs, is plotted as a function of the reduced rapidity, for
the reaction 124Sn + 124Sn at 50 MeV/u and impact parameters b = 6 and 8 fm. It appears that in
ImQMD a larger number of light IMFs, distributed over all the rapidity range between PLF and TLF,
are produced. On the other hand, mostly binary or ternary events are observed in SMF, with light
IMFs located very close to mid-rapidity. These observations are consistent with the results obtained
for charge equilibration, especially in semi-peripheral reactions (b ≈ 4-6 fm). In fact, a more abundant
cluster production goes in the direction of reducing isospin equilibration, as also discussed in Ref.[61] in
the context of the pBUU model. The fast ImQMD fragmentation dynamics inhibits nucleon exchange
and charge equilibration, though the energy loss can be sizeable, owing to particle and light cluster
emission. On the other hand, in the SMF model, mean-field effects, acting over longer time intervals,
have a stronger impact on dissipation, leading to more equilibration.
Results on the fragment neutron content are illustrated in the right panel of Fig.23, that shows the
global N/Z of IMFs as a function of the reduced rapidity. As already discussed above, SMF calculations
clearly predict a larger N/Z for IMFs produced at mid-rapidity, with respect to PLF and TLF regions
(isospin migration). The effect is particularly pronounced in the case of the asystiff parametrization. On
the contrary, ImQMD calculations predict a minimum of the N/Z ratio at mid-rapidity, probably caused
by the abundant neutrom emission from the hotter neck region, suggesting that isospin migration toward
the neck is not present. We notice that the observation of mid-velocity (light) fragments with smaller
or comparable N/Z with respect to the heavier ones, is consistent with the CoMD results presented in
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Fig.22. Interestingly enough, isospin migration effects towards IMFs at mid-rapidity are absent also
in pBUU calculations including explicit cluster correlations, whereas standard BUU simulations (i.e.
without clusters) predict it [61]. In perspective, it would be interesting to investigate isospin transport
effects also in the recently upgraded AMD model, including explicit cluster production [76]. From the
above discussions it emerges that, in addition to the expected sensitivity to the symmetry energy, isospin
diffusion and, to an even larger extent, isospin migration are quite affected by the treatment of many-
body dynamics. From the experimental point of view, it would be interesting to study both isospin
transport phenomena (isospin equilibration and migration) within the same data set[153]. This should
allow to further probe, through the comparison with transport simulations, the underlying reaction
mechanisms and validate the current constraints on the symmetry energy trend at sub-normal density.
6 Collision dynamics at relativistic energies
For beam energies in the range of 0.1 - 1 GeV/nucleon, the heavy ion reaction dynamics is characterized
by a larger degree of stopping in central collisions [73], with also high density and temperatures values
explored, which may lead to the full disassembly of the system into nucleons and light clusters. Cluster
and IMF production holds also at semi-central/peripheral impact parameters, together with the detec-
tion of some remnants of PLF and TLF fragments. Nuclear collisions in this energy range are the ideal
tool to investigate the relationship between pressure, density and temperature characterizing the EOS
of dense nuclear matter. We stress again that the latter is a rather important object, which also gov-
erns the compression achieved in supernovae and neutron stars, as well as their internal structure. The
pressure that results from the high densities reached during collisions at relativistic energies strongly
influences the motion of the ejected matter. Thus sensitive observables can be devised to probe the
high density EOS [1].
Also in this energy regime, the collective response of the system deserves strong attention. Collective
flows are very good candidates to probe the reaction dynamics since they are expected to be quite
sensitive to the features of the nuclear effective interaction, including the momentum dependence of the
mean field, see [154, 46]. On the other hand, stopping observables look more sensitive to the details of
the in-medium n-n cross section [1, 73].
The transverse flow, V1(y, pt) = 〈pxpt 〉, where pt =
√
p2x + p
2
y is the transverse momentum and y
the rapidity along the beam direction, provides information on the anisotropy of nucleon (or particle)
emission on the reaction plane. Very important for the reaction dynamics is also the elliptic flow,
V2(y, pt) = 〈p
2
x−p
2
y
p2t
〉. The sign of V2 indicates the azimuthal anisotropy of the emission: on the reaction
plane (V2 > 0) or out-of-plane (squeeze− out, V2 < 0).
The flow mechanisms, and their dependence on the nuclear EOS, can be qualitatitely explained as
it follows: After the initial compression phase, the spectator nucleons (i.e. the nucleons which remain
outside the overlap area) initially block the escape of the compressed region along trajectories in the
reaction plane, thus forcing the matter to flow in directions perpendicular to the reaction plane. At
a later stage, after these spectator nucleons have moved away, the particles from the squeezed central
region preferentially escape along trajectories on the reaction plane, which are no longer blocked. The
in-plane emission becomes dominant at higher incident energies (about 5 GeV/nucleon), because the
spectator nucleons move quickly away. Thus, along the reaction path, nucleon emission first occurs out
of plane, then spreads into all directions in the transverse plane and finally it favors the reaction plane.
It is clear that this evolution mainly reflects the interplay between the time scale associated with the
blockage induced by the spectator matter and the time scale related to the pressure and corresponding
flow of the compressed matter, the latter being directly connected to the EOS. In fact, a more repulsive
mean field potential leads to higher pressures and to a quicker expansion flow, with the spectator
matter still present around. On the other hand, a softer mean field generates a slower expansion and
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Figure 24: Elliptic flow parameter v2 at mid-rapidity for
197Au+197Au collisions at intermediate impact
parameters (b = 5.5-7.5 fm), as a function of incident energy. The filled and open circles represent the
INDRA and FOPI data for Z = 1 particles, the triangles represent the EOS and E895 data for protons,
and the squares represent the E877 data for all charged particles. Figure reprinted from [155], with kind
permission of the European Physical Journal (EPJ), where the references to the data are also given.
preferential emission on the reaction plane, after the spectators have passed. The sideways deflection
or transverse flow of the spectator fragments (the v1 observable) is mainly generated by the pressure
exerted from the compressed region on the spectator matter and it is positive at relativistic energies.
It acquires negative values for reactions at beam energies below the so-called balance energy (around
50 MeV/nucleon), because of the dominance of attractive mean-field effects.
On the other hand, the elliptic flow reflects the blockage of the spectators on the participant zone.
A systematics of elliptic flow measurements, for Au + Au collisions at intermediate impact param-
eters, is shown in Fig.24, as a function of the beam energy. It is interesting to see how the elliptic
flow evolves from positive values (observed at beam energies up to 100 MeV/nucleon), indicating that
particle emission occurs mainly in plane because of the moderate pression effects, to negative values
(up to energies of the order of 1 GeV/nucleon), corresponding to out-of-plane emission. As expected
on the basis of the arguments presented above, the elliptic flow becomes positive again at high energy
(beyond 1 GeV/nucleon) [155, 156, 157, 158]
In the beam energy interval under consideration, the flow observables reflect the behavior of the
EOS at the central densities, in the range of 2 to 5 ρ0 predicted by transport model simulations. From a
thourough analysis of transverse and elliptic flows, based on the comparison between model predictions
and experimental data, robust constraints on the nuclear matter compressibility have been derived [1],
pointing to a value between 200 and 300 MeV.
From the discussion above, it is clear that reactions at relativistic energies (0.1-1 GeV/nucleon )
allow one to generate high momentum particles and to probe regions of high baryon and (in the case
of neutron-rich systems) isovector density during the reaction dynamics. In the theoretical description
of these collisions, the momentum dependence of the nuclear effective interactions, leading to isoscalar
effective mass and neutron/proton effective mass splitting, is rather important. The problem of the
precise determination of the momentum dependence in the isovector channel of the nuclear interaction
[159, 160] is still controversial and it would be extremely important to get more definite experimental
information, looking at observables which may also be sensitive to the mass splitting, see Ref.[161] for
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a recent review.
6.1 Collective flows and isospin effects
Several investigations, based on both BUU-like and QMD-like models, have focused on particle emission
and collective dynamics characterizing heavy ion reactions at incident energy around 0.5 GeV/nucleon.
One of the goals of these analyses was to constrain the symmetry energy behavior at supra-saturation
densities. In particular, the difference between neutron and proton flows, that is mainly ruled by the
balance between the Coulomb repulsion (acting for protons) and the symmetry potential (repulsive for
neutrons in neutron-rich systems), appears as a suitable observable to probe the isovector channel of
the nuclear effective interaction [162, 163, 164, 165].
Transport codes are usually implemented with different (n, p) density and momentum dependent
interactions, see for instance [159, 160]. This allows one to probe different symmetry energy parametriza-
tions and also to follow the dynamical effect of opposite n/p effective mass (m∗) splitting while keeping
the same symmetry energy behavior [143, 102].
As an example, we discuss below some results obtained for semicentral (b/bmax=0.5) collisions of
197Au+197Au at 400 MeV/nucleon. Transport models predict that in the interacting zone baryon
densities around 1.7− 1.8ρ0 can be reached in a transient time of the order of 15-20 fm/c. The system
is quickly expanding and the freeze-out time is around 50 fm/c. A rather abundant particle emission
is observed over this time scale [162, 165]. Figure 25, represents the elliptic flow of emitted neutrons
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Figure 25: Proton (thick) and neutron (thin) V2 flows in a semi-central reaction Au+Au at 400 AMeV .
Transverse momentum dependence for particles emitted at mid-rapidity, | y0 |< 0.3. Upper curves for
m∗n > m
∗
p, lower curves for the opposite splitting m
∗
n < m
∗
p. Left: asystiff. Right: asysoft. Taken from
[165].
and protons, as obtained in BUU-like calculations [165], for different asy-stiffness and effective mass
splitting choices. We are now exploring density regions above normal density, thus we expect a larger
neutron repulsion in the asystiff case, corresponding to the larger symmetry energy value (see figure
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3). Indeed Fig.25 shows that a larger (negative) neutron v2, close or even larger than the proton v2, is
obtained in the asystiff case (compare left and right panels). Moreover, one can see that the m∗n < m
∗
p
case favors the neutron repulsion, leading to a larger squeeze-out for neutrons (compare top and bottom
panels). In particular, in the asysoft case (right panels) we observe an inversion of the neutron/proton
squeeze-out trend when using the m∗n > m
∗
p parametrization or considering the m
∗
n < m
∗
p splitting.
We conclude that a rather interesting interplay exists between the effects linked to symmetry en-
ergy and effective mass splitting: a larger (smaller) neutron effective mass may compensate the larger
(smaller) neutron repulsion corresponding to the asystiff (asysoft) case. In fact, the m∗n < m
∗
p case, with
the asysoft EOS, yields very similar results of the m∗p < m
∗
n case with the asystiff EOS.
This interplay between the effects of several ingredients of the nuclear effective interaction needs to
be further investigated [161]. The m∗p < m
∗
n option seems supported by optical model analyses [95].
Reaction dynamics at relativistic energies and collective flows have been analyzed also in QMD-
like models (TuQMD and UrQMD codes, [163, 164, 166], employing different parametrizations of the
symmetry energy (asysoft or asystiff, identified by the exponent γ), and a fixed effective mass splitting
option (of the m∗p ≤ m∗n type). The calculated ratio of neutron and proton flows is displayed in Fig.26,
where also the ASY-EOS experimental data are plotted [163] (see [10] and references therein).
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Figure 26: (Color online) Elliptic flow ratio of neutrons over all charged particles for central (b < 7.5
fm) collisions of 197Au+197Au at 400 MeV/nucleon, as a function of the transverse momentum per
nucleon pt/A. The black squares represent the experimental data, the green triangles and purple circles
represent the UrQMD predictions for stiff (γ = 1.5) and soft (γ = 0.5) power-law exponents of the
potential symmetry term, respectively. The solid line is the result of a linear interpolation between the
predictions, weighted according to the experimental errors, and leading to the indicated γ = 0.75 ±
0.10. Taken from [10].
The latter analysis has recently allowed to extract new constraints, emerging from high density
dynamics, on the symmetry energy slope: L = 72 ± 13 MeV. A global picture of the symmetry energy
behavior, obtained combining the results discussed above and the low-density constraints deriving from
reaction mechanisms at Fermi energies and structure effects is given in Fig.27. In particular, the low-
density behavior represented in the figure is evinced from the isospin diffusion analysis discussed in
Section 5.1.1 [4] and from constraints associated with the energy of the Isabaric Analog State (IAS)
in several nuclei [167]. The black points correspond to constraints coming from structure properties
(ground state features of doubly magic nuclei [168] and neutron skin thickness of heavy nuclei [169]).
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Figure 27: (Color online) Constraints deduced for the density dependence of the symmetry energy
from the ASY-EOS data [10] in comparison with the FOPI-LAND result of Ref.[163], as a function of
the reduced density ρ/ρ0. The low-density results of Refs.[4, 167, 168, 169] are given by the symbols,
the grey area (Heavy Ion Collisions), and the dashed contour (IAS). For clarity, the FOPI-LAND and
ASY-EOS results are not displayed in the interval 0.3 < ρ/ρ0 < 1.0. Taken from [10].
New analyses, aimed at probing symmetry energy and effective mass splitting at once, could possibly
couple the flow information to the study of other observables in heavy ion reactions. For instance, the
N/Z content of particle emission looks more sensitive just to the sign of the effective mass splitting,
rather than to the asy-stiffness [165], as also observed for the energetic particles emitted in reactions
at Fermi energies [160, 102], see Section 4.1.1. It would be interesting the combine observables related
to particle flows and yields. Recent experimental analyses look very promising in this direction [10].
Owing to the difficulties in measuring neutrons, one could also consider the difference between light
isobar (like 3H vs. 3He) flows and yields. We still expect to observe symmetry energy and effective
mass splitting effects [165]. It should also be noticed that, as already discussed for reactions at Fermi
energies, the treatment of cluster correlations could have a significant impact on the nucleon and light
particle observables discussed here.
6.2 Meson production
A quite interesting observable to probe both reaction dynamics and isospin effects is meson production,
arising from inelastic n-n collisions. In particular, processes related to n-n scattering strongly depend
on the energy and density conditions reached during the initial compression phase and, as such, bear
precious information on the nuclear EOS. Indeed, kaon production has been one of the most useful
observables to determine the EOS of symmetric nuclear matter [170]. Turning to isospin effects, isotopic
meson ratios, such as the pion π−/π+ ratio, are expected to reflect the N/Z content of the high density
regions explored along the reaction dynamics, which is connected to the symmetry energy behavior [162,
9]. A simple explanation of this relation is as it follows: The isovector channel of the nuclear interaction
is responsible for the different forces felt by neutrons and protons in the medium. This difference has
an impact on the N/Z content of the nucleons that escape from the system and, consequently, of the
matter which remains kept inside the interacting nuclear system and may increment particle production
through inelastic n-n scattering. For instance, pions are produced predominantly via the ∆ resonances
NN → N∆ and the subsequent decay ∆ → Nπ. The ratio of the isospin partners π−/π+ can thus
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serve as a probe of the high-density symmetry energy.
An illustration of this effect is given in Fig.28, which represents the results of BUU calculations for
197Au + 197Au collisions, see Ref.[9]. One observes that a larger π−/π+ ratio is obtained for the soft
parametrization of the symmetry energy. In this case, owing to the lower neutron repulsion at high
density, see Fig.3, the interacting nuclear system remains neutron-richer, thus favoring π− production.
More recent calculations, performed with Relativist BUU (RBUU) or QMD codes, have shown that
Figure 28: (Color online) Excitation function of the π ratio in the most central Au + Au collisions.
A soft symmetry energy corresponds to the parameter x = 1 (red line), whereas x = 0 denotes a stiff
parametrization (blue line). Reprinted from [9], with kind permission of the APS.
emission threshold effects, which act differently for π+ and π−, may reverse the trend of the pion
ratio, with respect to the effects discussed just above [171, 172, 173]. This can be illustrated within the
relativistic framework introduced in Section 2.7. The “threshold effect” stems from the fact that nucleon
and ∆ masses are modified in the medium. The unknown self-energies of the ∆s are usually specified in
terms of the neutron and proton ones by the use of Clebsch-Gordan coefficients for the isospin coupling of
the ∆s to nucleons [174, 175]. These in-medium modifications are isospin dependent and they influence
the phase-space available for meson production in a n-n collision, because the difference between the
invariant energy in the entrance channel sin and the production threshold sth changes. This effect is,
of course, present in general for all meson production, but, just for the sake of illustration, we consider
here one specific inelastic channel: nn → p∆−, mainly responsible for π− production. According to
Eqs.(26), the invariant energy in the entrance channel and the threshold energy are given, respectively,
by √
sin/2 = [E
∗
n + Σ
0]→p→0 [m∗N + Σ0ω + Σ0ρ + Σδ] > m∗N + Σ0ω (35)
√
sth = [m
∗
p +m
∗
∆− + Σ
0
p + Σ
0(∆−)] = [m∗N +m
∗
∆ + 2Σ
0
ω] (36)
where mN , m∆ are the isospin averaged values for nucleon and ∆ masses. The last equality for
the threshold energy derives from the prescription for the ∆ self-energies, which leads to an exact
compensation of the isospin-dependent parts, thus the threshold sth is not modified by the isospin
dependent self-energies. In general, in a self-consistent many-body calculation higher order effects can
destroy this exact balance, however compensating effects are expected anyway in sth. On the other
hand, the energy available in the entrance channel, sin, is shifted in an explicitely isospin dependent
way by the in-medium self-energy Σ0ρ + Σδ > 0. In particular, the vector self-energy gives a positive
contribution to neutrons that increases the difference sin − sth, thus enlarging the cross section of the
inelastic process, owing to the opening up of the phase-space. This happens especially close to the
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production threshold, since the intermediate ∆ resonance will be better probed. A similar modification
but opposite in sign is present in sin − sth for the pp → n∆++ channel that therefore is suppressed by
the isospin effect on the self-energies. In conclusion, owing just to threshold effects, the ratio π−/π+ is
predicted to increase with the stiffness of the symmetry energy Csym; indeed a stiffer trend leads to a
larger (Σ0ρ + Σδ) self energy.
RBUU calculations contain isospin contributions also in the mean field propagation, but the results
look dominated by the threshold effect discussed above, in particular at lower energies [171].
Threshold effects on pion production are illustrated in Fig.29, which reports the results of RBUU
calculations employing NLρ and NLρ − δ models [173]. Calculations are compared to the FOPI data
[176]. On the left panel, one can observe that neglecting threshold effects the pion ratio is larger
in the softer NLρ case, in agreement with the BUU calculations discussed above [9]. On the other
hand, the trend is reversed when threshold effects are turned on. Indeed in the latter case a larger
pion ratio is obtained for the NLρ− δ parametrization, which corresponds to a stiffer symmetry energy
[171, 173]. The right panel shows calculations that include threshold effects and also a density-dependent
production cross section. In this case a good reproduction of the experimental data can be obtained
not only for the pion ratio (shown on the figure), but also for the separate π− and π+ yields [173]. A
Figure 29: Left panel: π/π++ ratio as a function of the collision energy with and without the threshold
effect in Au+Au collisions at impact parameter of 1.4 fm from the NLρ and NLρ − δ models. Ex-
perimental data are from the FOPI Collaboration [176]. Rigt panel: π/π+ ratio as a function of the
collision energy obtained with the threshold effect and the density-dependent production cross section
in Au+Au collisions at impact parameter of 1 fm for both the NLρ and NLρ − δ models. Adapted
from [173], with kind permission of the APS.
further illustration of the importance of effects related to the threshold mechanism, namely global energy
conservation (GEC) in inelastic n-n collisions, is provided below, in the context of QMD-like calculations
[172]. Fig.30 reports the pion ratio, obtained in central Au + Au collisions at 400 MeV/nucleon, as
a function of the parameter x which identifies the stiffness of the symmetry energy parametrization
employed, ranging from negative (stiffer) to positive (softer) values. Comparing the GEC results to the
other options, one can nicely see that enforcing energy conservation leads to a reversal of the trend of
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the pion ratio with respect to the symmetry energy stiffness. The figure also shows the effects induced
by in-medium modification of the production cross section.
Figure 30: The π−/π+ ratio for the vacuum (vac cs) and in-medium (med cs) cross-sections scenarios for
the case of global energy conservation (GEC) as a function of the asyEOS stiffness parameter x. Results
for the LEC and VEC approximations making use of in-medium modified cross-sections (“med cs”) are
also displayed. The experimental FOPI results [176] are represented by horizontal bands. Taken from
[172].
As far as threshold effects are concerned, some other physical aspects should be considered. One is
the fact that the self-energies usually employed in relativistic calculations are not explicitly momentum
dependent, as studies of the optical potential would require. Thus we come back to the importance
of the isospin momentum dependence already discussed for collective flows (see previous subsection).
Because we neglect the dependence of the self-energies on momentum, the difference sin − sth might
increase too strongly with the energy, i.e. the temperature of the composite nuclear system. It is likely
that a more realistic calculation, including such a momentum dependence, would reduce the threshold
effects discussed above. In addition, a fully consistent treatment should include an optical potential
also for the pions. More generally, open problems in pion production include the treatment of the width
of the ∆ resonance (off-shell effects), the density dependence of the ∆ production cross section in the
medium and the pion potentials in the nuclear medium [177, 178, 179, 180, 181]. The latter effect,
i.e. the inclusion of the pion potential, seems to go in the direction of smaller pion ratios. A global
representation of threshold and pion potental effects is given in Fig.31, which display RBUU results
[180]. Adopting the NLρ interaction (corresponding to a symmetry energy slope L = 83 MeV), one
observes that the charged pion ratio is increased by threshold (Th) effects, reduced by s-wave pion
potential (S), increased by p-wave pion potential (P), finally acquiring a slightly larger value (green
point, Th + S + P) than obtained without any in-medium effects. A good reproduction of the FOPI
data would require to employ a parametrization with a smaller symmetry energy slope parameter L ≈ 60
MeV. We notice that the latter would be comparable to the constrained values extracted from nuclear
structure and reactions studies discussed above.
Other interesting effects on pion production are related to many-body dynamics. Indeed, as already
noted, reactions at relativistic energies are characterized by a huge amount of light cluster emission.
One may expect an interplay between clustering effects and meson production. Recent AMD calcula-
tions, including cluster correlations, have shown that light cluster emission affects the pion ratios [182].
This is illustrated in Fig.32, which reports results obtained for central 132Sn+124Sn collisions at 300
MeV/nucleon. Several isospin ratios are plotted on the figure. The different lines correspond to AMD
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Figure 31: (Color online) The π−/π+ ratio in Au + Au collisions at impact parameter of 1.4 fm and
energy of E/A = 400 MeV from the NLρ model in different cases (see text for details). Experimental
data [176] from the FOPI collaboration are shown as the cyan band. Reprinted from [180], with kind
permission of the APS.
calculations with or without cluster correlations, for a soft or a stiff parametrization of the symmetry
energy, and to a cascade calculation (JAM, black line). One can see that, especially in the asystiff case,
the inclusion of cluster correlations has a significant impact on the final pion ratios. Larger ratios are
obtained, reflecting the larger N/Z of the high density phase (see in particular the high-momentum
nucleons), when clustering effects are turned on. This could be ascribed to the fact that the produced
light clusters are mainly symmetric, thus the N/Z of the nucleons which experience inelastic collisions
and may produce pions increase. There is presently an intense activity in the field of meson production,
also triggered by new devoted experiments [183]. It can be envisaged that a stronger sensitivity to the
features of the effective interaction and, in particular, to the symmetry energy, can be seen looking at
pion ratios as a function of the transverse energy.
It has also been suggested that the ratio of the anti-strange kaon isospin partners, K0/K+, could be
a useful observable to probe the symmetry energy behavior above normal density. Indeed kaons weakly
interact with nuclear matter and thus could keep a direct signature of the properties of the dense matter
in which they are produced [171].
7 Conclusions and perspectives
In this article, we have reviewed recent results connected to the rich phenomenology offered by heavy
ion collisions, from medium up to relativistic energies. Transport theories are essential to tackle the
description of the collision dynamics and to connect the features of the nuclear effective interaction (and
nuclear EOS) to the predictions of reaction observables which can be directly compared to experimental
data. In particular, our discussion was focused on the subtle interplay between mean-field dynamics
and many-body correlations in determining the reaction path, and on isospin effects. We have shown
that theoretical investigations can allow one to scrutinize the complex nuclear many-body dynamics
and, at the same time, to learn about fundamental nuclear matter properties, of great interest also in
the astrophysical context.
Selected observables and corresponding constraints which have been extracted over the past years
were reviewed. For reactions at Fermi energies, our attention has been focused on the mechanisms
responsible for light particle and fragment emission. Several isospin transport effects, such as “isospin
migration” and charge equilibration, have been discussed. Whereas the charge distribution of the
reaction products emerging from central reactions provides information on the nuclear matter com-
44
Figure 32: The nucleon ratios (N/Z)2ρ and (N/Z)
2
ρ,p in the high-density region with and without high-
momentum condition, respectively, the ∆−/∆++ production ratio, the pion-like ratio at t = 20 fm/c,
and the final π−/π+ ratio (see Ref.[182] for more details). Each line connects the ratios for each of the
five cases of calculation for central collisions of 132Sn+124Sn at 300 MeV/nucleon. The horizontal line
represents the (N/Z)2sys ratio of the total system. The statistical uncertainties in the final π
−/π+ ratio
are smaller than 0.03. Reprinted from [182], with kind permission of the APS.
pressibility and on the role of many-body correlations (like clustering effects), observables connected to
isospin transport give constraints on the low-density behavior of the symmetry energy, but also probe
the reaction dynamics. At relativistic energies, the collision dynamics is dominated by nucleon and
light cluster emission, with a persistence of collective effects, such as transverse flow (for the specta-
tor matter) and elliptic flow. Meson production, arising from inelastic n-n collisions, also sets in. In
this regime, neutron/proton collective flows and isotopic meson ratios can constrain the high density
behavior of the symmetry energy.
In perspective, it would be highly desirable to reduce the model dependence which presently affects
the evaluation of some observables. In particular, the differences between BUU-like and QMD-like
approaches need to be understood and accounted for. A dedicated program, aiming at comparing
the predictions of different transport models under controlled situations, to understand and eliminate
possible sources of discrepancies, is presently running. Some clues have already emerged, concerning
the impact of the Pauli principle preservation along the dynamical evolution [185], the robustness of
some reaction observables [184] and the description of the inelastic processes generating pion production
[186].
Also, it would be quite helpful to investigate several transport observables at the same time, both
within the same code and between different codes and different models. The global reaction dynamics
could be probed looking at suitable isoscalar observables such as fragment and particle yields and
energy spectra, as well as at the isotopic features of the reaction products (and related observables).
In particular, the study of pre-equilibrium emission, which is not influenced by secondary decay effects,
could prove particularly useful in this direction. More generally, it would be very interesting to explore
a consistent map of many observables in a multiparameter physics input space, see for instance the
recent Bayesian analysis of Ref.[187].
Finally, to improve our understanding of nuclear dynamics and our knowledge of the nuclear EOS,
45
the synergy between theory and experiments is of paramount importance. From the experimental point
of view, new detection systems and analyses, which allow to investigate several reaction mechanisms
and observables within the same data set, look extremely promising.
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